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Abstract: This work revisits D = 4, N = 1 (anti)-de Sitter supergravity within a deliber-
ately unconventional framework aiming to show that D = 4, N = 1 de Sitter supergravity can be
derived only with the graviton and the gravitino fields, and therefore without a Goldstino field, a
scalar sector, or spontaneous supersymmetry breaking. The unconventional features of this work
consist in using the Majorana conjugate to construct bilinears of Weyl spinors and introducing the
hyperbolic unit in the fermionic terms related to a positive cosmological constant.

“One should not desist from pursuing to the end the path of the relativistic field theory.”
A. Einstein

“A great deal of my work is just playing with equations and seeing what they give.”
P. Dirac
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1 Introduction

Supergravity is a wonderful achievement at the crossroads between the works of A. Einstein and
P. Dirac [1-4]. Noteworthily, almost since its discovery fifty years ago, D = 4, N = 1 supergravity
is known to be anti-de Sitter with a negative cosmological constant when only the graviton bosonic
field e};" and the gravitino fermionic field 1, are considered [5]. It is only recently that D =4, N =1
de Sitter supergravity with a positive cosmological constant has been derived by adding a nilpotent
Goldstino fermionic field x to obtain the local supersymmetry and then by eliminating it through
spontaneous supersymmetry breaking [6].

Given the no-go theorems on the subject [7,8], it is clear that hoping to derive D = 4, N =1
de Sitter supergravity in a different way than [6] requires an unconventional approach.

For motivation to derive D = 4, N = 1 de Sitter supergravity, the reader is refered to the
Introduction of [6].
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2 A reminder on spinors, Lorentz transformations, local Lorentz
derivative, and spinor bilinears

2.1 Spinors

This section follows Sec. 3.2 of [4]. Given any spinor x = (x)o Whose components are four anti-
commuting Grassmann variables, its Dirac conjugate y(Pira¢) = (x)® and its charge conjugate
XY = (x%)a are defined by!

>—<(Dirac) iXT’YO ’ (1)
X = °CTx", (2)
where C is the charge conjugation matrix having the following properties?

ct=c ', 0" = —-C = CcCc*=C"C=-1,

(C’V*)T = —Cn%
(Cy™)" =y,
(™) = oy,
(€T =~y
(CymT = gy 0

From the definitions (1),(2) and the properties (3), one can verify that

—(Dirac) .
x© = i(x9)’ =x"C, (4)

which can be used to define the Majorana conjugate of any spinor x by

X(Majorana) = XTC' (5)

In this work, the Majorana conjugate (5) will be used and not the Dirac conjugate (1) for
constructing bilinears of Weyl spinors as explained below.

2.2 Lorentz transformations

The Lorentz transformations of a vector V™ and a spinor x are defined by?®

oLvV™m = —wmkvk = 0LV = _kavkv (6)
1 1
dLx = — WYX &= 01X = Jwa X", (7)
where wqp is an infinitesimal Lorentz transformation that is antisymmetric wgp = —wpq

!The conventions of this work are those of [4] except for the definition of . : the metric signature is (— + 4++) ;
the four y-matrices are defined by y™4™ 4+ v"y™ = 2™"1 where 1 is the unit matrix = (7v°)? = —1 and (4*)?> =1
with & = 1,2,3 5 (") = 1% = ()" = 2% (") =" 5 9m = 10ar™ = 20 = =% and i = 7" ;
Ve =i = (1) =1, () =% and vy = =y 5 Y™ =AMy = F(3™" = 4"9™) antisymmetric
with strength one, and so on for 4™"" and ¥™""* ; *"?7 = ee™"" *elenele] = €uvpo = € Emnrsey e € es With
o123 = +1 = —0123,

2The Weyl representation of the y-matrices is given in Appendix A.

3The expression for 1% follows directly from (5) and the property (v**)7C = —C~*® coming from (3): (51x)
(0ex)"C = o(x")C = dL(x"C) = drx with (3x)"C = (—3way’X)"C = —jwax” (v*")" = Jwax" Oy
Fwab XY



2.3 Majorana spinors

A Majorana spinor is defined by the condition

X“ =x. (8)

From (4),(5) one can see that the Majorana conjugate of a Majorana spinor is equal to its Dirac
conjugate

XC =y = )Z(Majorana) = >—<(Dirac) ) (9)

2.4 Weyl spinors

Any spinor x can be split into its left and right Weyl projections that are also spinors*
1
PLx = 5= 7)x, (10)
1
Prx = 5(1 + V)X (11)

with obviously x = Prx + Prx.

In D = 4 it is known that a spinor x cannot be a Majorana and a Weyl spinor at the same
time®: x = x¢ = x # Prx and x # Pry.
2.5 Local Lorentz derivative

Supergravity uses the local Lorentz derivative which acts on Lorentz local frame (Latin) indices
and spinor indices but not on general coordinate (Greek) indices. The local Lorentz derivative of
a vector V™ and a spinor y are defined by®

DLV = 0V 4w, MV s DV = OV + Vi (12)
1 _ _ 1 _
D“X = 8NX + Zwuabvabx = D,LLX = apX - 4Wuabxfyab7 (13)
where w;my, is the spin connection that is antisymmetric wymn = —Wumn.

2.6 Spinor bilinears

The y-matrices and C' are numerical matrices on which the Lorentz transformation and the Lorentz
derivative do not act”:

opY" =0, DA™ =0, (14)
Oy« =0, Dy =0, (15)
5,C =0, D,C =0. (16)

4Needless to say that a Weyl projection satisfies (7) thanks to the property 'y*fy"b = 7y,

This is due to the fact that (Prx)¢ = Prx© and (Prx)¢ = Prx® in D = 4 as shown in Appendix C.1.

5The expression for D,x follows directly from (5) and the properties (3): it is easy to verify that (D,x) =
(DMX)TC = DM(XTC) = Dux.

"See Sec. 8.3 of [4]. Note that this is not always clearly stated in the literature.



The Lorentz transformation (7) together with the left part of (14),(16) allow to create spinor
bilinears that transform as tensorial entities. For instance, x¢ transform as a scalar: 0 (x§) =

SLXE + XOLE = twapXvP¢ — TwaX7?¢ = 0.

bma amb

Using the relation 4™ — ym~® = 2y —2n one can see that yy"¢ transform as a vector:
OL(E) = XY™ + x7"OLE = 4wabx7“bvm£ TWaXy™M e = JuaX (Y™ = 4"y )E =

bma amab

FwapX (NP — nPMAP)E = Tw, MYy — AWMy E = —wmp(XYRE).

mnrs

Similarly, one can verify that the spinor bilinears Xy x, x7""" x and Y~y X transform as tensors.

3 Spinor-ansatz bilinears
Starting from any spinor 1, let’s construct the spinor-ansatz ! and its Majorana conjugate U’
U=y 0l =whHic =1,
U2 = (0H9 =@ | 0 = (02)T0 =yC. (17)

From two spinor-ansatzes €’, W* let’s also define the following spinor-ansatz bilinear which
is real by construction®

Mi(gNVI) | (18)

when NN is any matrix obtained from products of 4" and iv, and when M is a 2x2 numerical
matrix whose components have the following properties

Msy = (M1)*,
My = (Mia)*. (19)

4 Weyl spinor-ansatz bilinears

Starting from a left-handed Weyl spinor ¢ = P, the spinor-ansatz (17) becomes’

v'=pPryp , U= (0H'C =Py,
U2 = () = Pry© | 9% = (02)7C = Pry©. (20)

In the following sections, we will consider only Weyl spinor-ansatz bilinears as defined by (18), (19)
and (20).

5 The unconventional derivation framework

The unconventional framework used to revisit D = 4, N = 1 (anti)-de Sitter supergravity is based on
the gravitino 1), expressed as a left handed Weyl spinor ¢, = Pr1,. Three numerical 2x2 matrices
S1,S2, M4 and four conventional real constants ki, ks, k3, k4 are used and will be specified in the
following sections. In this section it is only supposed that the two 2x2 matrices S are symmetric:
S =87,

8This is proven in Appendix B.
9The consistency of this construction is proven in Appendix C.1.




The action considered is the sum of the Einstein-Hilbert term, the cosmological constant

term, the Rarita-Schwinger term, and one gauged term':

S = Sgn + SA + Srs + Sea (21)

where!!
SEH = kl/dx4ee‘7‘,LeZRu,,m", (22)
Sy = +2k; / dzte, (23)
SRg = —kg/daczleSij(\IJi'y“”pr\Iff)), (24)
Sen = +2k2k4\/K/d:U4eS;j(\I/L'y“”\If{;), (25)

with

R,™ = 0w, — 0w, + w, " w," —w, " w, ™ (26)
DV, = 9,V + %wummm”\pg = D,V =0,V - iwﬂmnififymn. (27)

With the conventions given in footnote 1, the plus (resp. minus) sign of the cosmological constant
term (23) corresponds to D =4, N = 1 anti-de Sitter (resp. de Sitter) supergravity.

Using the so-called 1.5 order formalism, the goal is to show that the action (21)-(27) is
invariant §S = 0 under the following local supersymmetry transformations!? involving the Weyl
spinor-ansatz &' = (&%), as supersymmetry parameter!?:

et = k3SY (') = el = —k3SY (€71 W),) => de =kye S (/W)  (28)
0Vl = Dye' + kyVAM{ v e" = 60!, = D& — kyV/AM{te", . (29)

As stated in [2] the 1.5 order formalism is nothing else than the Palatini trick of general
relativity extended to supergravity. The spin connection w,”™" is treated as an independent field
and one imposes that the variation of the action (21)-(25) with respect to it vanishes:

5wS = 6wSEH + 5wSRS =0, (30)
where!4
6wSEn = ki1 / A €P7 € s 0w, el D el (31)
ko 4 _upvpo mn_r QtJ (Tt ~ S
5wSRS = _Z dz” e Emnrs (5&)/,, €y Sl (\I}p'}’ \Ilo-)a (32)

0Note that the matrix Sy must be block off-diagonal and the matrix Sz block diagonal since we are working with
Weyl spinors and using the Majorana conjugate (5).

11 As usual in supergravity: e = det ey s €uvpo = eilemwseﬁbeﬁe;e‘;, e*PT = e el el ePe? with €p123 = +1 =
—€%128 and "P emnrsepey = —2e (ehen —ehen,) s Y =TT —e et Py vy with Yo = T Yom.

12Note that the matrix Mi must be block off-diagonal since we are working with Weyl spinors.

13The consistency of the local supersymmetry transformation (29) is proven in Appendix C.2.

14See Appendix D for the detailed calculations.

ebenel =



which leads to the equation

s k ? S\yd
Dipes) = 11 2 STNTLA ). (33)

This equation for w,™" can be solved to find
w " = w,""(e) + K" (Y, (34)

where w,""(e) is the torsionless spin connection

1 1 1
w,™(e) = §emp(8“e;‘ — Opey) — 56”’)((9#6;” — Opeyy’) — iempem(apez; — Op€p)erp s (35)

and K,"""(V) is the so-called contortion tensor given by

ko

K, (W) = 1

L STNWE AW — WA ey I (36)

Following the spirit of the 1.5 order formalism, the result (33) shall be taken into account in the
next variations. It is proven in Appendix D that the next variations give

a

kik - — -
5eSEH = _123/d1‘4 e'uupaﬁmm‘sRuvmnez Sij (éZ 'YS\I/f;) .
b

0eSA = i2]€1k3A/dm4eSij(si fy”\I/i) .

0cSps = —ikaks / da' e S (€, W],) S (U5 7y " D W)

8,80 = —2ikokskaV/A / dat e ST (&' W4, ) S5 (Whny ™, 0L

C

k — , T ,
duSRrs = +42/d1:4e“”p"emmsRWm”e:, SY (') +4k:2k4\/K/d$4eS{hM{”(eW“”D#\Ilf,)
(k2)

2 .. . . —
T / dat e SY (&' vym Dy V) St (Uhy™ W)

ko)%ky /A oo y A o
IR SRVR [ it SJNY €., SE (W08
c b

Sy San = —dkokyVA / da* e 85 (4" D, W) —12ky (k4) A / do* e 8§ M} (8141

- 2
_W/d:c4e“”p”5§j(5i7*‘1’ﬂ)slfl(‘i’570‘1’2)
1
(ko) ks v/ A ij (i ' J
+W/d$4euup052](El,y*,-mfym\ljfl)slfl(\ll];'ym\lllg). (37)

In order to partly fulfill the supersymmetric condition §S = 0, the terms (a),(b),(c) of (37) give!®

ko 1
ks = — 4= —— 38
b= g k= (39)
B Note that ks is independent of ki, in particular its sign. It is usual to set k1 = k2 = ﬁ = k3 = %



and!6

(M;)*> = +I , So = S M; . (39)

In order to completely fulfill the supersymmetric condition §S = 0, it is also proven in
Appendix D that the remaining terms of (37) lead to

0 = —1(2;1) / dxere (SiFS] — 81 ST (&' W) (U, D, W)
+7;(k2)2 dlAE;wpa(Siksjl N Sijil)(éi \I/])(\I’kD ! )
ey 191 191 V¥ )\ Ey Lp¥
+Z(k2)2 dx46,uypcf(siksjl N S]kszl)(—zD \I,j)(\:[,k \I/l )
ey 191 1 P11 )E Ly e
_i(kQ)z dxtetvre Siksjl _Sjk‘sil Zin D W9 ) (TR 4
Ak L€ (5151 1 51) (€7D, ( p ) (40)
and
i(k \/> vpo [ Qi j j il Qi T
IR [ st (sirsy - s's - sis{ + S{/8)(E ) (B, 0L)
+ (4k SvA / dz'ero (S Sy — S1°8y + 81 83F — 81 S5) (&', ) (Vhn, )
1V3
8k1 f / tereo (281°5] — 25183 — 883 + 87783 (€, ) (V7. 05
i(k2)* VA

)2
- Sk ‘F / date 7 (2883 — 281 83" + S1'S5 — 81"SF) (&, W) (TETL ) . (41)
1

Each line of the conditions (40)-(41) contains at least one Weyl spinor-ansatz bilinear that vanishes!”
by construction of (20) since it is based on either ﬂ‘llf“ fy*\Il{L, \I/k\I/l or \Ilkfy*\Ill with ¢,7 or
k,l anti-symmetric. It is important to realize that the conditions (40)—(41) are obeyed only when
the Magjorana conjugate (5) is used to construct bilinears of Weyl spinors, rather than the Dirac
conjugate (4)'8.

At this point, we have thus proven that the action (21)-(25) is locally supersymmetric under
the local supersymmetry transformations (28)-(29) up to the conditions (39).

6 D=4, N =1 anti-de Sitter supergravity

In this section the plus sign of the cosmological constant term (23) is considered. The following 2x2
matrices satisfy the conditions (39) when it is a plus sign in the first condition:

01 0 1
6Note that I is the unit matrix.

"Taking into account (vy.)? = 1 and vI C' = Cy, coming from (3).
18 An easy way to see this is the fact that C is block diagonal and 7° block off-diagonal in the Weyl representation
of the y-matrices given in Appendix A.




1 0
Sy = S1M, = (0 1> . (42)

It is easy to see from (20) that v, = \II}L + \Iii = Py, + PR(MJE) is a Majorana spinor
defined by (8). In the case of (42), one can see that the results of the previous section gives back
the formulation for D = 4, N = 1 anti-de Sitter supergravity with the gravitino 1, expressed as a

Majorana spinor!?:

S = kl/d$466¢f@€;Ruymn+2k1/dl’4€A—kz/dl‘46(1ﬁu’y‘upr,,¢p)

A _
+k2\\fgf /dx4e (Puy*1by) (43)

with
mn _— mn mn m ™ m ™
R, = 0w, = 0w, +w, " W, = w, " w,

1
Dy = Ouipy +

B o _
wumn’)/mnwy - D;ﬂ/}l/ = p,wy - *w,u,mnwu')/mny

4 4
s k2 7 A8
Dipeq) = 47;1)\(1/1;)’7 Vo),
mn 1 mp n n 1 np m m 1 mp _no T T mn
wa"" = ge (Ouey — Opey) — 3¢ (Ouey' — Opey’) — 3¢ e (Opey — Osep)ery + K™ (V)
ky _ _
K" (@) = oM@y = "9 + 9",
and
TR TR ok, <\ VR)

;{/Kgﬁu : (45)

A _
0, = Dye+ Lfyue = 0, = D, —

2V3

It is interesting to see that the following 2x2 matrices also satisfy the conditions (39) when
it is a plus sign in the first condition:

0 1 0 ¢

Sy = S1M; = <OZ Z) . (46)

In this case ¢, = \IJL—HI'i = Pqu—FPR((/JE) is still a Majorana spinor but it can no longer be
used to derive D = 4, N = 1 anti-de Sitter supergravity. The reason being that the supersymmetry
transformation (29) would not give back a Majorana spinor with (46). In our unconventional
approach, Weyl spinors play therefore a more important role than Majorana spinors. We will push
this result further in the following section.

98ee Sec. 2.5 of [3].



7 D=4, N =1 de Sitter supergravity

In this section the minus sign of the cosmological constant term (23) is considered. The following
2x2 matrices satisfy the conditions (39) when it is a minus sign in the first condition:

(01 (0 4
si= (1 o) m=(0)

Sz = S1 My = ( Oj j> ; (47)

where j is the hyperbolic unit?? having the following properties:

=1,

j=—j=jj=-1. (48)

It is important to note that the use of the hyperbolic unit does not compromise what has been
achieved so far. In particulat, the action (21)-(27) remains real and the supersymmetry transfor-
mation (29) consistent.

We have thus proven at this stage that the action (21)-(27) with the matrices (47) is a
locally supersymmetric action under (28),(29) for D =4, N =1 de Sitter supergravity.

8 Discussion

8.1 The use of split-complex numbers in supergravity
Some authors use split-complex numbers?! in supergravity for the scalar sector [10-13]. It should
not be seen as an issue to use split-complex numbers in supergravity if the action remains real and
the supersymmetry transformations consistent.
8.2 Killing spinors
The Killing spinor analysis is similar to the one given in Sec. 2.2.3 of [9]. When \I/L = 0 the bosonic
field equations derived from the action (21)-(25) are
v mn 1 m m
en Ry — §e“R:FeNA =0 (49)

whose homogeneous solution is (anti-)de Sitter space with the curvature tensor

A
R,™ = :Fg(ezleﬁ —eyen). (50)

The conditions ¥/, = 0 = d¥! = 0 lead from (29) to the Killing spinor equation

_ . A
D,e'=D,e" + £Mi]'yuefsJ =0, (51)

2V/3

20The hyperbolic unit is used in mathematics to construct split-complex numbers. See https://en.wikipedia.
org/wiki it-complex_number or https://books.physics.oregonstate.edu csplit.html for instance.

g/wiki/Spli pl b https://books.physi g du/GELG/csplit.html for inst

21 Also called para-complex numbers or hyperbolic numbers in the literature.




whose integrability condition is??

Lo 1 A ;
Dy Dule’ = (Bus™ un & )" = 0. (52)
Substituing (50) into (52), one can see that the integrability condition is obeyed and therefore that

Killing spinors do exist even in the de Sitter case, which differs from Section 4.2 of [6].

8.3 No extended de Sitter supergravities

One can see that the conditions (40)-(41) are obeyed only when i,j,k,1 range from 1 to 2. Ex-
tended de Sitter supergravities are therefore not possible by using our unconventional approach
to cancel the quartic fermionic terms appearing in the supersymmetrization process. This should
not be seen as an issue since it is understood that the treatment of the other fundamental interac-
tions—electromagnetic, weak, and strong—differs from that of gravitation.

9 Conclusion

This work shows that it is possible to unconventionally derive D = 4, N = 1D de Sitter supergravity
from a locally supersymmetric action without introducing any additional fields beyond the graviton
and gravitino, and without resorting to supersymmetry breaking. The first unconventional feature
of this work is the use of the Majorana conjugate to construct bilinears of Weyl spinors in order
to cancel the quartic fermionic terms appearing in the supersymmetrization process. The second
unconventional feature of this work is the introduction of the hyperbolic unit in the fermionic terms
related to a positive cosmological constant.

22This result is calculated in Appendix E.2.
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Appendix

A Weyl representation of the y-matrices

0 0 10 000 1 0 0 0 —i 0 0 1 0
o o o o1l , Joo1o|l , |00 i o0 s o 0o 0 41
711 0 ool o1t ool Tlo =0 o’ 71 0o 0 o0
0 -1 00 100 0 i 0 0 0 0 -1 0 0
1 0 0 0 0 —i 0 0
0 -1 0 0 i 0 0 0
=10 o0 1090 0 o =il (53)
0 0 0 1 0 0 4 0

B Proof that spinor-ansatz bilinears are real

From (2) and (3) we have for any spinor x¢ = By* where B = in°Ct = B~! = iCy° with
(7")2 = —1 and CTC = 1. Therefore

x¢ = (Bx)'C,
X'BC,

= ix'c*(y")"c,
—ixfcrcy?,
= —i(x"0)*Cy,
= —(\)'B7".

—
S
=

The step (a) uses the property (v°)7C = —C4° coming from (3).

Let’s consider the spinor-ansatz bilinear M%“&'NW/ based on any two spinor-ansatzes €,
¢ defined by (17) or (20), and where N is any matrix obtained from products of 4™ and 47,. From
the properties (3) and (v™)f = 4%9™0 with ()2 = —1, it can be shown that BN*B~! = N.
Hence??

(MYE'NWI)* = —

= (M) (DON @) + (M) (DN (82)°
M) E2)ON(C + (M) (2)ON (),
— (Mll)*§2N\I/2 4 <M12)*§2N\I/1 + (M21)*élN\DQ + (M22)*51N\I/1 ,

—~
=
=

M?»2&2Nv? + M*ENU! + MP2e'ND? + MYUEINT! |
MUEgNWI |

The step (a) uses the above mentioned results ¢ = —(x)*B~! and BN*B~! = N.
The step (b) uses (19).

—~
=

2 As in Sec. 3.2.4 of [4], the convention is used to reverse the order of anti-commuting Grassmann variables (spinor
components) in the process of complex conjugation: (af)* = f*a* = —a*B* where «, 8 are two anti-commuting
Grassmann variables.

11



C consistency

C.1 Consistency of the construction for Weyl spinor-ansatzes (20)

Let’s prove the expression for U!. Since W' = P14, we have

U= (Py),
< (pye,
® 1
1 1
= §(¢)TC §(¢)T(%)T0,
e) 1 1
2 W0 - @) O,
1
= oy -,
3 -1
2 gt —),
= Pry.
The step (a) uses the definition (5)
The step (b) uses the definition (10).
The step (c) uses the property (7x)7 C' = Cy, coming from (3).
The step (d) uses the definition (5).

Let’s also prove the expression for U2, Since U2 = (V)¢ with U = P4, we have

\IIQ = (PL’QZJ)C?
a) .1
@ A=,
) 1 *
= Q’YOCT[(]l — )Y,
= 570" = 57°CH () ()",
2 240wy - 2Ot W),
D 2900 (W) + 23 °CT (W)
@1 c 1 c
9 2@ + 50)°,
1
= A,
= PpyC©.
The step (a) uses the definition (10).
The step (b) uses the definition (2).
The step (c) uses the property CT(v,)* = 7,.CT coming from (3) with (7,)" = ..
The step (d) uses the relation 70y* = —y*~0.

12



The step (e) uses the definition (2).

Let’s finally prove the expression for U2, Since U2 = Pry)¢ from above, we have

\Ill = (PR’QZ)C)7
b 1
2 Sla+wulre,
1 1
= S@NTC+ ) (wW)'C,
1 1
2 5(wC)TC + §(¢C)T0% ;
1
= WO oL ),
d) —1
2 W5+,
= Pr(y©).
The step (a) uses the definition (5).
The step (b) uses the definition (10).
The step (c) uses the property (v.)TC = Cv, coming from (3).
The step (d) uses the definition (5).

C.2 Consistency of the local supersymmetry transformation (29)

Let’s prove the expression for 5\113 by taking into account (13) and the fact that M{j is block
off-diagonal. We have 5\I/b = Dﬂsl +k4\ﬂM11h%€h =0y + %wwb'y“bsl + k‘4\/KM112fy“€2. Hence
2 _ ¢
oW, = (0¥,)7,
1
= (8#81 + wab'y“bsl + /{:4\/KM1127#€2)C,

1
B(c')#(s1 + Zwuaw“bel + k4\/KM112’)/“€2)* ,

1
= B(9,e")* + ZB(wuawabsl)* + B(ksVAM{?7,€%)
1
4

= uB(E))+ wumBO™) BB + knVAME) Bl,) BB

1
= 9,[B(e")*] + wawabB(el)* + ks VA(M{2)*y,B(e%)*,

1 u .
= 9,(eM° + L Wnat'y b€ + kaVA(M{?)*y,(€2)C,

1
N 6u52 + wabfy“beg + k4\ﬂ(M112)*7u61 ,

1
= 0, + ZwuabvabsQ + kaVAM7 et

—
S
=

BOj(e')" + 7 Buua(v")* (') + BlaVA(ML®)* (7.)"(€%)",

= Dy + huV/AMo et

13



The step (a) uses the definition (2) with B = i7°CT.

The step (b) uses the property?* BN*B~! = N where N is any matrix obtained from products of
~™ and 4.

The step (c) uses the definition (2) with B = i°CT.

The step (d) uses (17) or (20).

The step (e) uses (19).

The verification of the expressions for 5@; and 5@3 is let to the reader. These expressions
follow directly from the definition (5) and the properties (y?°)TC = —C~% | (y,)TC = —Cr,
coming from (3).

D Detailed calculations

The calculations are cumbersome but not complicated. They require to master Levi-Civita transfor-
mations, spinor-ansatz flips, partial integration, supersymmetry transformations and spinor-ansatz
reorderings.

Levi-Civita transformations simplify the calculations since they are in most cases easier to
perform on expressions that are based on the totally antisymmetric Levi-Civita symbol e*?? =

e €MSel el ered = €uvpo = e_lemmsezle’l}e;eg with €gio3 = +1 = —€1?3 and e = det ey'. To do so,
the following relations are needed
1 = i UV po . 1 mnrs
el = _ﬂe Ve VYuvpo < VVx = ﬂemnrs'y )
wo__ i uvpo . _ 1 nrs
ey 66 Y« Vvpo < VYsVYm = _6€mnr57 ,
uro_ i npo . _ 1 rs
ey 56 Y«Ypo <~ VYV« VYmn = _§€mn7‘87 )
e,)//WP = _ie'ul/paf)/*%f = Y Ymnr = fmnrsfysy
e'YMVpU iE'quJ’Y = Vs Ymnrs = €mnrsl,

where 1 is the identity matrix in the spinor space.

Spinor-ansatz flips are performed by taking the transpose of spinor-ansatz bilinears, by
taking into account the properties (3) and by incorporating a minus sign obtained by changing
the order of the spinor components that are anti-commuting Grassmann variables. Let’s give an
example:

(Wreyn¥y) = (Woym®))",

[(¥)) Cranmn W2,
—[(W) " () ()T CT W],
—[(W) " ()T CT 11 ],

—[(¥)) Crnya ]

—
S
N

—
o
=

—
8}
~

—
S
=

24Gee Appendix B for further details.
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= [(¥) " Cram ],
- (\TlgV*Vn\Il;) :
The step (a) uses the definition (5).

The step (b) incorporates a minus sign obtained by changing the order of the spinor component
that are anti-commuting Grassmann variables

The step (c) uses the property (v.)TCT = CT, coming from (3).
The step (d) uses the property (v,)TCT = CT~,, coming from (3).
The step (e) uses the relation v,v. = —7«Vn.

The step (f) uses the definition (5).

Partial integration is the cornerstone of the least action principle. It is performed on the

local Lorentz derivative D, by taking into account that the local Lorentz derivative of a scalar is
its partial derivative and that the local Lorentz derivative acts distributively: 9,(Sg V! y"*¥%) =
D, (85 WiN"PW)) = S5 D,V n"PW) + SJV. D, W) + S VAP D, ¥). Moreover, since €mnys,
e*’P? are numbers®®, one has Dy €mnrs = 0 and D,e"??® = 0. Finally, since D,7™ = 0 and

D, v« =0 from (14)-(15), one has D,v" =~y"Dy ey, and D, (v7") = vy Dyey,.

Supersymmetry transformations are performed by applying (28)-(29) when needed in the
course of the calculations.

Spinor-ansatz reorderings allow the interchange of spinor-ansatzes between two spinor-
ansatz bilinears. They are performed using the fundamental Fierz rearrangement identity

1 1

(X1x2)(Xsxa) = —1(9_(3X2)(>_<1X4) - Z(X3%X2)(>_<1’Y*X4)

1

_ _ 1, _
—Z(X37a><2)(xw“><4) + Z(XS’Y*'YaXZ)(Xl'Y*'Va)M)

1

+§(>237abX2)(>21’YabX4) ,

where x1, X2, X3, and x4 are any four spinors.

These five operations are respectively indicated by L, F', P, S, R placed above the equal sign
in the course of the calculations.

The calculations also require specific relations coming from the algebra of ~-matrices that
follow from their defining relation y™~y"™ + "y = 2n™"1. These relations are specified when
needed in the course of the calculations.

Finally, changes of indices are performed throughout the calculations on Lorentz (latin)
indices, spacetime (greek) indices and matrix indices. These changes of indices are allowed since
the calculations are performed on expressions with contracted indices.

%5See Sec. 7.5 of [4].
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D.1 Derivation with respect to the spin connection w,™"

From (22) we have
0wSEH = +k1 5w/da:4ee%e,”LRWm”,

(é) 6 /da: e(ehe, —eber JR,™,

(:b) —Z 5w/dx euypaﬁmnrsR,uumnezeg

(:C) _Zl O / dx46'u‘yp06mnrs(8uwumn - aywumn + wumk Wl/kn - wl/mk wﬂkn)e;ef’ ?
= —% 6(41 / d$46‘uypa-€mnr5(8uw1/mn + mek Wykn)ezeg )

= e (00 4 7 B e

(i) —% /d$46‘uypo—€mnrs Du 5wymn :) fr?

k1

4 _pvpo mn r s k1 4 _uvpo mn _r s
+? dx e P? € s 0wy, Degeq —{—— dx*e"P? € s 0wy, e,Dyey
= —i—kl/da;‘le“”p”emws dw,""e;, Dyes .

The step (a) uses the property R, = —R,,,"™ of (26).
The step (b) uses the relation e (ehel — ehel)) = %6‘“’” Emnrs€hCy-
The step (c) uses (26).

The step (d) uses the definition of the local Lorentz derivative of the tensor?® dw,™" given by
D,6w,™ = 0y 0w,™ + w, ™, Sw, 4+ Wk Sew,, ™k

From (24) we have

6.Srs = —ko by / dz* e SY (V4" D, W7)

Il

+iko Oy /dx P S (g WV Vo Dy )

—~
S
N

. 1 .
+iky b, / da 77 SU (W o (0, U5 + =y ™™ W)

4
Zk? uvpo i mnyy,J
= 4 date 5wymn5 (\Il YeYoy W )
K
< 7142 /d e dw mnsm(\psz*'}/V’Ymn\I} ):
- ik
0 TQ / 0 5, S (W W5) — 2 / 0" 000, ™" PG 7,7, W)

h
IS

1 /dw e"P? ernrs 0w, ey, Sij(\fli,’ys‘l/?,).

The step (a) uses (27).

26Note that dw,™" is a tensor despite the fact that w,™" is not.

16



The step (b) uses the relation v, Ymn = Yomn + €mvVn — €nvYm-

The expression e“””"S”(\I”V*'yn\IJJ) vanishes in (b) since .S'”(\IJZ VW) £ Sij(@g'y*fyn\IJ;) =
S” (U Y1 ¥%) is symmetric in po, which clashes with the total antisymmetry of e#**7.

D.2  Derivation with respect to the graviton e

From (22) we have

0eSEH

+k10e /daz eeben R,
@ kl& /dm e(ehen —eher )Ru™
= _Zl 5e/dx4e’“‘””aemnmR Ll el

pFo>

k1
4 _uvpo mn ¢ 1 S 1 4 _pvpo mn_r ¢_s
= -7 dx” """ €pnrs Ry depeq — vy dz"e"P? eppnrs Ry e, o€y,

k
© —;/dx4e“”p"emnrsRuym”e; dey
5 ——12 3 /dac4 P € s Ry ™" €], ST (e y° ).
The step (a) uses the properties R, = —R,,,”"" and R,,™" = —Rw,”m of (26).
The step (b) uses the relation e (elne, — ehel,) = =377 enrsehes
Note that the step (¢) can also be expressed in the usual form — f drte ”Rw,m” - %eL"R) dey;
of general relativity by using the relation €/**7 ¢, ,se5 = —e(e%e” ey — ehel el +elel el — erelen,

+ eheleh, — emereh).
From (23) we have
0eSA = £2k1 6, / dite
= 42k / dz* de.,

5 4okks / dat e SY (& M) .

From (24) we have

deSRs = —k2de /d:): eS”( ~HP D \Iﬂ)

[l

+iko e /daz e“”p”S” ol WDy W),

= +iko 5e/d:c 6“Vﬂasij(\szy*fympp\11£) en’,

= —zkg/dm 6’“’”05’” \I/’%'ymD \I/J)(S ,
—ikgkg/dx 6“”"”5’;](éi'ym‘lli'L)Slfl(\Ii,’f’y*’ymDp\Ilff).
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From (25) we have

0eSen = +2kokyV/A S, / dat e SF (ViAW)

Il

-H’kgl@;\ﬂde/da: e“”pUS”(\Iﬂ VYoo ¥, ),
= —|—ik2k4\/K56/d$46“”p‘7$’;j(\IJLW**ymn\I’f;)ezleZ,

= 4ikoksVA / e S (W 7Y W) del el + ikinka VA / dat "7 S (W v U e G

+2ikoks VA / dat e S (W7, mn W e Sl

It

—2ikyksksVA / da*e'P7 SY (€19 W1,) SE (Wh yuym, U )

—
S
N

= 2ikokskaVA / dat e ST (&' W4,) S5 (Whny ™y, W)

+2ikoksks VA / dxtetvro §U (g S(why L),

—

a

= —2ik2k3k4\/x/da: 6‘“’”‘75';](E”ym\IJiL)Sél(\if’,f%’ym'yp\I/f,).

=

The step (a) uses the relation ¥, = YmYp — €mp-

D.3 Derivation with respect to the gravitino \IJL

From (24) we have

(S\ySRS = —k‘g 5\y/dl'4€Sij(\I/L’yMVpDV\I/{)),

[l

+iko 5\1,/dx e’“””S”(\IJZ YYD )

= +iky / dat e S (0! 727, Dy WL) + ik / dateP7 ST (W' 7.7, Do 0,

£ —I—ik‘z/d$4e“”p(’S§j(5\IfLw*'y,,Dp\If‘g) —ik‘g/d$46“VpUSij(DH\IJi’}/*’7p5\I/g)
+ik2/d$4e“”pgsl](‘1ﬂ YDy 6L )

L L oiky / dat 07 S (5 .y, D, Wh) — ik / dat 07 S (5, Dy, 01

5 49k, / dz*eP” SV (D& — kavVAM" "y, ]y, D, ¥2)

—iky [ da'e?? ST ([Dye’ — kaVAM{"e"y, ] Dy, W),

—

= +2iky

—

d:v4e“”/’USij(Duéi'y*fy,,Dp\Iff,) + 2i/€2k4\FA/d$46“””05{hM{”(sify*'yufnyp\I/f;)

—iko

—

da:4e“”p‘75ij(Duéi'y*D,,vp‘lff,) - ikgk:4\/K/dx46“”p”S{hM{”(Ei’y*'yuDl,’yp\I’g) ,
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a

—2iky / dat P S (&, Dy, D, W) +2iky / dat P S (&, D, D, W)

I

—|—2ik2k:4\/K/dw46“”pUS{hM{”i(Eiy*vuvpr\Ilé) —|—ik:g/dw4e“”pUS’ij(éiv*DuDyvp\Pg)
a

+iky / da*eP7 8 (84, Dy, D, WL ) —ikoky VA / dat P §IM M (1,7, Dy, W) |

ks

4

—~
)
~

= 4 /dw4e"””URw,m”e; Sij(éivwmm‘llg,) —ikg/dw%““””Sij(si'y*DH'nyp\Ili)

+2ikokyg VA / dat e vP7 ST M (60,7, D W) + 2ikoka VA / daterr S ME R L, D, W)

ik2k4\/K/daz4e“”p”S{thi(éiv*’yuDl,fyp\I/fT),

ka
1

+4kokyVA / dat e SI" MY (&4 D, W) — ikgksv/A / da*eP? §I" M (&7, Dy, W) |

Il

+ dz? e“”p”emnrsRWm”e; Sij (s‘i 75\11{‘,) — 1ko / dm4e“”p”Sij(éiy*DM*y,,Dp‘lff,)

—
S
=

+ZQ / Az P €prs Ry ™€ ST (875 UL) + Akioka VA / dat e S M (&4 D, W)
i(ko)2 o ) _

R [t e 50 (6D, ) ST (W0
i(k2)%ksv/A

Tk dart e §1 MY (€, 7um W) ST (W)™ Uy)

The step (a) justifies the presupposed symmetries S7 = Sy.

The step (b) uses the relations v,v. = —v.7, and ’y,/yaﬁq/* = —m.xy,ﬂaﬁ .

The step (c) uses the results?” (D, D,,]\Ilﬁ) = iRWm”'ymn\IJﬁ) and [D,, Dy]v, = Ry ¥m €np. There-

fore one can see that i [ dzle"P7 (€y,y, D, D,W) + L [ date"ro (€17, D, Dy, Vi) =
éfdfc4e“”"URWm”(éiv**ypvmnllfg)%—% fdx4e“””URWm"(éiv*ymlllf,)enp = éfdx4e“”/"7RWm”e£(éiv**ymm\lff,)
with the relation v, Yimn — €mrYn + €nrYm = Yrmn-

The step (c) also uses the relation v,v, = Y + M-

The expression e p”S{thi(éify*nWDp\Ilf,) vanishes in (c) since 7, is symmetric in pr, which
clashes with the total antisymmetry of e#***?.
The step (d) uses the result Dyyery = fT?lSij(\Ili,'ym\Ilg).
From (25) we have
SuSen = +2kokyVAdy / dat e S5 (Wi 1)),
L +ik2k:4\/K5\p/daz%““pgsg(@fi%vwlﬂi),
= tikokyVA / a7 S (00! 7470, UL + ikoka VA / dat e S (W 7.7, 0B |

L 4 2ikokyvV/A / daeP? SY (60 v, T

2"These are calculated in Appendix E.1.
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S +2’H€2k‘4\/K/d$46#VpUS;j([Du€_i - @JKM{%%M]%%,D\I@),

= 2ikoksVA / daz* "7 S (D €y, W) — ik (ky)2A / da* P SI M (&, 7, W)

£ —2ik2k‘4\/K/dx4e“”p"Séj(si'y*D”%p\I/‘;) —2ik2k4\/K/dx4e“”pUS;j(si'y*nyDp\Il§)
—Zikz(k:4)2A/dx4e“VpUS%hM{”(s_i’yu’y*’y,,plllz,),

Il

—2’Lk2k4f/d33 e’“’p"S”(s YDy ) 4k2k4\ﬁ/da: eS”(s 'yle \I/J)

_4k2(k4)2A/da: e 83" M} (e, W) |

(@ —21k2k4\f/dx hp G (& YDy, U1 ) — 4k2k4f/dx e SY (g4 D, W)
~12ky(ka) A / da' e S MY (€7 W)

(b) _2¢k2k4\/K/dx4e“”ms;j(5i%7mn‘l’£)(l) m6"+emDue ) — 4k2k4\ﬁ/dx eS”(s 'y#vD \IIJ)
192k (k)?A / da* e S MY (0],

_ +4zk2k:4\f/d:c € S (&', U1) D e 4k2k4\f/dx ¢ S (&4 D, W)
_12k2(k4)2A/dx eS%hMlz(?V”‘I’ﬂ)7

©) +i(k2)z]f4\/K/dw4€;wpaséj(Eipy*ﬁyumqﬂy-)slfl(\pl;,ym\pé) _4]€2k4\a/d:p4eS;j(gi,tuD#‘I’Z)
12k2(k4)2A/d$4eS%hM{”(E_"V“‘I’ﬂ)’

U —akakiVR [ dote SY(E D) - 12k [ dote sy MY ("))

i(k2) k4xf/ 1o 8 (g1, W) SF Tk, W)

s |

k1

+ dat 7 S (€777 W) ST (U7 "W).

The step
The step

The step
The step

a) uses the relations YY" = 34" and 'yu’yaﬁ’y‘“’ = —7”0‘5 —g¥ 0‘75 + g” 570‘.
uses the definitions v,, = Ymn€y)' €p-

b)
) uses the result Dy ery = %Sij(@;fym%).

c
d) uses the relation vum = Y ¥m — €mpu-

~~ I~

D.4 Proof of (40)

i(ko 2 vpo Qij (=i j m
0eSrs — — (le) / da*e?7 SY (&' W) ST (U577 Dyl )

(k)2 o . -
dusis — —G2E [ autemr 57 (€00, 0 Y (V0.

20



—~
=

—
=

—
=

i(k2)?

07§13 GKL (g1, W1 ) (Why,y™ D, W)
P78 8K (&, D, W) (5™ 0y)

- ) _ ) i(feo)2 - ) 7 )
7 5y S (D, L) (W) + 2L [ gt syt (e, L) (0503

7§ S (€17, D) (W™ W)

€07 S SV (&0, D WL ) (TR ™0 )

A

e S S (&Y, D W) (TEA™ DL )

. ) _ . i(feo)2 . ) _ )
e SY St (' D, L) (Wh, Bd) + Z(Qljl) / dat P S ST (€' D, L) (Thw])

7 (S1S] — 8181") (€ 9m Dy ¥y (T ™ Uh)

e (S S] — SUSIF) (€M D UL ) (TEr™ W),

- ) _ ) i(feo)2 - ) _ )
P SY S (e' D, W) (kv Wl) + 2(2];) / dateP? S 8§ (€', D, L) (TRW])
7 (8187 — 8181 (W) (WD, V)

e (SiFSY — 81.81%) (€7, 14) (PED, ),

c d

e S 81F (€' D, ) (Th, W) +2 / da*e'P? Si §1F (&, D, W ) (Th T )

a

tteme (5] — S{S{) e 0,97 D,0)

b

™ /da:4
Ty K
_i<;]j32/d$4
+if]jl)2/da:4
—i—ifljl)Q/dﬁ
i fa
—i<;lj32/dm4
S [
+ifl:1)2/d;v4
_i(;]jl)z/dxzx
i(;]jl)Q/d$4
+i(2]€;1)2/dx4
_i(2kI:1)2/dx4
_i(kz)Q/
2k

+i(2l€]jl)2/dm4
i(:]jl)Q/d$4
—i—i(zkljl)2/al:1:4
—i(;]jf/dx‘l
+i<:l:32/d$4
—i(;]jl)z/da:4

e (S Sy — 8181%) (€17 14) (TED, ! )
o (SESy — 81F S (€W Wk, D, W)
e (SiFSy — 81781 (€. 14) (kD W)
eyypasilsjk(éiD \IJJ)(\TJ]W \Ifl)
1~1 n*v pI**o
e S §1* (&', D, L) (TR )
1 * U *p p*rtol>

o (S Sy! — §1E 8 (€'WI,) (. D, )
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() 2 ) . _
+Z(2k2;1) / date*(S1SY — 87" S1) (€. W) (WD, W)

4k1 /d:U e“”p”(SZ’“SJZ S]kszl)( = D \I’])(\I/k’y*\lfl)
i(kg)?

\

W [t — {1 (e D) 0.

The step (a) uses the spinor-ansatz reordering e***? (?7 W) (Whry,y mpD,W) =

P (€D, WL) (W, B]) — e (817, D, W) (TR W) ) — Servro (& 'ymDM\Ilfj)(\IJ’“'y*'ym\Il])

- %e””””(s‘ify*’ymDu\Ilf,)(\Il]p“'ymlllf;) obtained below.

The step (b) uses the spinor-ansatz flips e“”p"(\il’;’y*’ymlllé) = —e“”/"’(\flﬁy*'ym@g) and e“"p"(\fl’;fymlllg-) =
e“”pa(\i/’;fym\I/Z,).

The step (c) uses the spinor-ansatz reordering e#*? (&'y,, D \Ilf,)(\lfkv*wmklﬂ )

99 (515, D, UL ) (U5 = 26009 (15 (W, D, W)

- 26“””"(€i7*‘llﬂ)(\11§Dp\I'i,) obtained below.

The step (d) uses the spinor-ansatz flips e“"pa(\ifﬁv*‘lfg) = —e“”””(@i{y*\lfﬁ) and e“””“(\If];\I/g) =
—etvPo (WL Wk,

Fierz rearrangement 1

1 1

(X1x2)(X3x4) = —1(X3X2)(>21X4) - 1()23%)(2)()21%)(4)

1 B 1, _
_1(X3’YaX2)(X1’YaX4) + Z(xw*'yaxQ)(xrm“m)
1

+§(>’<37ab><z)(>’<w“bx4)
X1 = Uy o = D, UL, 3 =&, x4 = 1 V)

0 (U™ DU ) (€ W]) = =5 (€ DU Uy B)) = 16 (€1 Dy W) (Br ™1 )
—ie“”"”(é%Dp‘I’i)(‘I’ffvw’”vavm‘lfﬁ)
e (€530 Dy ) (r ™ )
g (90D L) (U W)
= e (€D, W) (W 09) — 97 (€1, D, 0 ) (W)
S (€ D) (V™03

(1) 07 (€ VL) (W™ Dy W) = 97 (4D, W4 ) (B ) = e (€D, 0L ) (B} 22)
— LT (g, D W) (W ) — A9 (&1, D, UL) (™0 ).

1 ; ,
=57 (€ mDu ) (U577 ™) -

Fierz rearrangement 2a

(X0e)(Rsxs) = — (Bxa)(Xou) = 3 (Trxe) (K1)
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1

_ _ 1 _
—Z(XS%LXz)(XWQM) + Z(X3vwa><z)(xww“><4)
1

+§(>Z3VabX2)(>_<17abX4)
X1=05, xa=D, 0, 3=, xa =V,
€7 (U, Dy W) (€)= — ¥ (€D, ) (W) — 197 (€, Dy W) (Wi W)
7 (€ D) (B W) 4 e (€ D) (Wi W)
e (DU ) (W)
= (D, W) (U W5 + e (. D, W) (A )
P (€ D) (™) — e (€ D) (™)
(i D) (™)

(20) b7 (0L (BE. D) = +497 (€D, ) (V. 04)
+ 4 (E 0 DL (VW) 4 (€ D ) (W ™)
— L (€1 Dy L) (T ™) — 307 (€1, D, W) (B ™)

Fierz rearrangement 2b

1 1

(X3x2)(X1xa) — - (X37+Xx2) (X174 X4)

(X1x2)(X3x4) = — 1

—

_ _ 1, _
(X37YaXx2)(X17"X4) + Z(stwam)(xww“m)

+ = (X3YabXx2) (X170 x4)

|
O | = W~

X1=U, xa =DV, x3 =€, xa =7V
_ . . 1 . _ 4 1 4
7 (UyD, W) (€. W) = —ZE“VPU(E_’D;;‘I’Q)(‘I”BW*‘P{L) - 16’“’”(EW*Dp‘I’fT)(‘Pk%%‘I’J)
1 . ) 1 .
— 1€ (E7aDp W5 ) (V7" 1)) + €7 (8970 Dp W5 ) (W77 7 05)
1 .
e (€ D) (T )
1 nvpo [ =i l k J 1 Lvpo (=i IN(arkard
= 2 (€ D) (W G) + e (. D) ()
1 . _ . 1 . _ .
(i D) (W) e (€ D) (W)
1 .
- (E N D) (T ™)

(2b) eP7 (&1, 0,)(UED,UL) = +}leww(ﬂ‘D W) (Whey, 07
+ 57 (€D W) (P05 — “”’”(E YD) (Uhyy™ ) .
+ 3677 (€Y m DT, ) (T m‘I’”) €77 (EYmn D) (Ty.y ™" 5.
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(20) - (2b) 47 (£U)) (Vh Dy ) e (€U} (WD) = +57 (€ D) (W ™)~
1 _pvpo (=t D \I/l m\IJJ
27 (€9 D) (U )

= (2) P ( Dy L) (™5 ) 9 (€1, Dy L) (W™ 03) = 2600 (€10,) (T, D W)~
2610 (1, W) (DS D, W)

D.5 Proof of (41)
i(ke)2VA i A _
0eSgn — —(2;) 7 / dat 7 S (€' ) S5 (U577, V)

a

i(ke)2VA P —
Sy Srs — —(23]?[/613346“””52]5?(6 YV m W) (Tl )

i(k2)?VA Gkl i
OpSegn — —(22)\[/@:46“”"‘752]5]{[(5 V*\II{L)(\Ifk%‘IIZ)

2
+ 2 aZ > [ S ST ) (V)
1

2
0 ; - (2k f/d 4 uupaszjskl<€ ’Ym\Ij])OIjk”Y*’Y ,YP\IIZ)
1

2
3i(k2)*VA / te 07 S5 ST (EY ey 1m W) (U™ W)
8k1\/3
2
B (2k \F / dz’eP7 S St (€7, W, ) (Uh, W) |
1

2 .
R 4 = [ dater sy syi(en, w805 -
1

2 . —_ .
2 k f/ e S5 (€', L) () 05)
1

2

2
o (k f/d 4 quJSZ]Sk’l<€ \I/k)(\I/]’y* p\I/l) k f\/d 4 w/pO'SZ]S (El,y*\plki)(\pj,yqul)
1 1

2 2
2
32(8122 \/7/ 4 ,u,l/paSz]Skl(E ’7*'7//7171\1’ )(\I’ mlllif)
1
2
_ (2k f/ euupaswskl<€ ,Y*\I/j )(\I/k’yp\lfl)
1

2
(=)+(k 5 B [ vt sysg et (.0 - 12
1

2 k3 f/d €17 Sy SE (&', UL ) (U Wh)
1

2

2
o ( k \/>/dx4 uupaswskl(_Z\I’k)(\I’J’Y*’}/p\I’l) ( k f/d$4 uupaSZ]Skl(E ’Y*\I/k)(\llj’ypq/l)
1 1

9 2
k‘ 2 - ,
318; \F/ Sy Sy ) (€ mP))
1
BV [ s e g it gy ) FVE e i g ?
RIS [ awtamor sy st ul) . vk) - FEEE [ antom sy sii(et, ) (80
2
_ (2k \/7/ e;wpoSZ]Skl(E 'y*\Ifj)(\Ifk’YplI’l)
1
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2
© (% VA / e G S (&0, UL) (W, TF) — (% SvA / 107 SY S5 (&1, W) (P4 WF)
1 1

2 2
31 kQ 31 k2
4]{,‘1 4k’l

2
- ki3 \F/dx4 were S S (EWE) (), Uh) + . k3 \F/dx4 o S SEL (&l W) (W, WL )
1 1

2 A 2 0/
f/ o7 S SH (e, ><@m§> IR [ty st (et vl ) (105)

2 . i
21<: e / dx’ P S SEBET A, UL ) (61W,) + 4/<; \F / dz' e S SH (&' ym UL, ) (B] 7™, E)
1 1

)2
* (4k: f/d ) WPUSZJSM(E V*qu’ )(‘I’]7 ’Yp‘ljk)a
1V3

2 ko) 2/ A . . _
(:) +Z(2k \/>/ euupaswskl(&_ ,YM\IJZ)(\I]],Y*\I,IC) ( 2) \/>/d$46m/ﬂ0521]512€l(éz,y*,m\pf/)(\:[jljoqﬂ;)
l

2
s f/ dote "7 Sy S (€M) (W3, W) +

2 e el R [t sy s ehw) (9, 94)
1

2

ka)? _ k)? , _
371 2 f/dxll MVPUSZ]Skl(E 7}1 )(\I";V*\Ifﬁ.) 37! 2 f/dle “VPUS”SM(EZ"}/*’YM\I’i)(\I/JP\I/];)
4k‘1 4kl
)2 )2 A
- (Qk \F/d 4 ’WPUS”SM(E \Ifk)(\lf]’y* p\I/l) Qk \f/d 4 uupaSwS (Ez,y*\pﬁ)(\pj,yqul)
1 1

2
4k f/d 4 uupaSUSkl(E 'Y;f}/m )(‘I’J’}/*’ym\lll)
1

2
" (4k \F/d 107 8 ST (E Yy V) (T97™ W)
1

2
© . (2k: s / err §Y S5 (e, L) (W), Uh) — (Qk; Az / Lemer S SR (&N, L) (B9 E)
1 1

2
- (k f/ dae”r7 S L (SR ) (D 7., 00 ) + (k f / dt e 77 S SRl (81, ) (B, 0 )
1 1

2 2
3Z k?2 \/7/ 4 'wjpgsmskl(é? '7,u )(\i’i,’y*\lffr) 31 k?2 \/7/ 4 ,u,upcrsljskl(e /7*’}/# )(q}%\l’fr)
4]{1 4]431
2
- f/ dat e S5 S (E0E) (B, ) — VA / da' 77 5 S (€17, T} (), W)
2k1 2k1
IR [ ot s st ) g t) + 102 B 0= [ dater sy 81 e, W) (W),
2k1 le
c d
2
— ( f/d 4 ;Ll/poszlsjk(e ’yu\I’J)(\IJk’y*‘l/l) ( \/7/ 4 /u/paszlsjk(e ’Y*’YM‘I’J)(\I}IC‘I’Z)
2k1V/3 2k1/3
a b

2
_ f/d 4 ,uupch'LkS]l( )( 7* p\I’l) \/7/ 4 ,uI/pUSsz]l(E v, U )(‘l’k’)/p\lll)
2k1 le
c d

2 - - k; . —
\F/ s s e w) (U wh) + TS i S [t sis i e e
1

3i(k2)
4k1v/3
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a b

2
_ f/d 4 ul/paszksjl(s \I/])( ’)/*’yp\I/fT) ( \/>/ 4 ,uupaszksjl(e ’y*\I/])(\I/k’yp‘I/l)
2k1 2k1V/3

c d

2 — 2 —~ —
- % ik2)* VA / dat e S s{k(ézyuxpg)(wﬁy*wg) % i(k2)*VA / e il GIF (&, Wh) (TR W)
1 1

2 . S .

_ f dxtetveo S Sjl+Slezk BAVY \Ifk%xy \IJl

2]{5 2 1~2 “w 4
1

( 2f 4 elvpo ik QJl Jl =i J k l
+——— YR dx (Siks) — 87'8iky (e 'y*\IIM)(\II 7 ¥e)
1

( 2\/7 4 _pvpo il @ik ik qil k l
_4k: da'eP7 (281 S} — 87" 5% )(€'7, V1) (V7. Py,)
1

( Zf 4 Moo il ik jk =i IRl
Tt 4k1 d (25 S +S S )(6 PY*’YH\IIV)(\II/)\I/U)?

() _ilk2) VA Q\F 4 ik il ik il ik i1 ik (=i \ (T k
= — 4k /d HVPU(SZ S] S] S Si S% -f—S{ S; )(E_I\P{L)(‘l] ’Y*’Yp‘l’ )
1

* (4k1 f / daterr (S1ESY — S1F ST + ST SYF — 81 SHF) (617, W) (Uhn, W)

2 ‘ ‘
+ (8k \F/d 4 ALVPU(QSlkS’Jl _ 2S Sjk . SJIS + S{ksg)(&' ,YM\IJJ)(\I,k,Y*\I,Z)
1

2 . . . . . . L
- 8k 2)’VA / dzter? (287 S5 — 287 85" + 81 S — 81" SY) (€M, W) (PETL ) .
1

The step (a) uses the spinor-ansatz reordermg VPO (Elry, W 1) (Whry My, L) =
+ P (g, W) (TR W) — 07 (&, BL) (TRWE) + €407 (610K ) (1,7, T,
— eI (gly, \Ifk)(\IIf/yp\Ill ) obtained below.
The step (b) uses the spinor-ansatz reordering €77 (&7, ym ¥, )(\IJ AUl =

— P (Why ymuL ) (& Y YmUL) + 26 (&, W, )(\IIIW*\IIJ) + 2eHvPo (g kullfly)(\i!”fllfﬂ) obtained
below.
The step (¢) uses the spinor-ansatz reordering e“”p”(éiy*mﬂ)(mkypwl ) = —ePT (Whny v, WL )(équﬂ)
e Al (G )(\IJ,]/yw YoUE) — 367 (&7, 7y UL, ) (U4, UE) obtained below.
The step (d) uses the spinor-ansatz reordering e+ p"(é"'ym\I/L)(\Tli'y*fymfyp\Il’;)
+ P (& Oy ) (T, W) = =267 (W) (W77, U)p) — 26477 (817 07 (T, B )
+ etvPo (et va\llk)(\Ifffywm\IJl ) + €7 (€, W) (B57™ L) obtained below.
The step (e ( ) uses the spinor-ansatz reordering 7 (&' %fym\lf’j)(\i'fﬁ*fymkllff) ‘
+ P (& Ym U) (U7 W) = +267 (€19, 93, ) (W5 Ug) + 26477 (€977, 0, ) (P U5 obtained
below.
The step (f) uses the spinor-ansatz flips €77 (U, v, Ul ) = — P (WL, 4, Uk) | etvro (Uhn Wiy =
0T (B W) | 7 (T, L) = — 07 (B, ) and oo (TEWL) = — oo (B 0E) obtained
below.
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Fierz rearrangement la

(X1x2)(X3Xx4) = —3(23X2)(>€1X4) - 3(23’7&2)(%1%)(4)

1 B 1, _
—Z(X3'ya><2)(><1'y“><4) + Z(st*'yam)(xww“m)

1, _ _
+3 (X3Yapx2) (x17"x4)

X1 =TEvy™ 2 = 7,08, X3 =&, xu = 1Vl
_ Py . 1 g 1 p _ 4
P (UEyy " Uh ) (Eym W) = —EGW’M(E%‘I’Q)(‘I’IQ’Y*’Y Tm W) — 4fuupa(EZV*’Yp‘I’fT)(‘I’z]f%’Ym%’Ym‘I’fL)

1 . - .
_ieuypa(slfYa’Yp\I’f»(\IJI,S’Y*’Ym’Ya’Ym\I/ZL)

%6“””"(5"7*%%‘1’2)(\P"m %7 Y )

S (i UL ) (B M T
= P (g1 UL (B ) — e (e, W) (D50
S (€ W) (W),
7 (L) (W) — 07 (6, L) (W)

1
=€ (E L) (P ™ ) —

[

1 1
+5 € (Em ) (B 3y W) — 5P (€ W) (BT

(18) €7 (&1, W) (Vg™ 0h) = 07 (19, ) (W ) — e (g, L) (B W)
307 (€9 W) (B ™) = §e97 (€5 W) (W)

Fierz rearrangement 1b

_ _ 1, _ 1, _
(X1x2)(X3Xx4) = —Z(X3X2)(X1X4) - Z(xw*m)(xmm)
1 B 1, B
—Z(XSWM)(XWQM) + 1(X3'7*7aX2)(X17*7aX4)
1, _
+§(X3'YabX2)(X1'YabX4)

X1 =Uy™, xe = VE 3 =& xa = YVl

7 (W ™ W) (€ ym 1 L) = _ifuypa(éi‘l’(’i)(wjv*v VW) — %Wp"(éi%\lf’é)(‘l”%v YV
*ie"”””(éi’va‘l’ﬁ)(‘l”'w YY)
+ie“”’”(€ Y Ya V) (U7 ™ 9y Yom ¥y UL
g () (B, L),

_ —|—e“”pa(8 \Ilk)(\Il] '7*'7[)\1/ ) _ Euupa(éi,y*\pl’j)(\lﬁ ryp\IJl )
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1 . 1 |
=P (E ) (B, W) — S (Eaym W) (B, Xy )

(1b) €40 (i, 1) (W) = 407 (£10E) (B0 ) — e (1, ) (W, )
= 5P (Em W) (W™, W) — e 7 (Eym W) (U™, 0))

Fierz rearrangement 1c

_ _ 1 _ 1, _
(X1x2)(X3x4) = —1(X3X2)(X1X4) - Z(X3%X2)(X1’Y*X4)
1 B 1, _
—Z(X3%X2)(X17“><4) + Z(Xs%%XZ)(Xl%’YaXQ
1, _
+§(X3'YabX2)(Xl'YabX4)

X1 =T, xa=UE X3 =€, xu = 1 ym P,

e (B30 UE) € ) = — e (€U (B0 W) — 167 (£ W) (B0 ™7, 0L
—ie“”””(éi'ya‘l’ﬁ)(‘l’”’y V% Ym Y L)
+lee*“’p"(6 1Y) (U™ 1y Y Ym Y VL)
+ée“”ﬂ"(é’?yab\11’“)(\1” Y Y Y Ym VT

= W) (B W)+ (€, ) (B, )

_%ewp"(élvm‘l’u)(\lﬂvw Yy — %f“””"(éi'mmllf ) (W)™,
g () (W, 0T

(1e) €7 (Eyuymyu L) (U™ Uh) = —eP? (81WR) (W yy, WL ) + P (€19, WK ) (T, W)

— L (& UE) (T, UL ) — L0781,y UK ) (B 7y, 01 )

(1b)-(Lc) €27 (E'pmyu Ul ) (Thysy™ k) — 77 (Eyuym U1 (B ™ Uh) =

+ 26107 (W) (B 7y Wh) — 2677 (€19, 03 ) (T, W)

= (1) 07 (€ W) (TEyy ™y Wh) = +e77 (€7, W) (T U5)

- (€ W (W) 0T (W, ) — 0 (6,08 (Wi )

Fierz rearrangement 2a

_ N 1, _ 1, _
(X1x2)(X3x4) = —1(X3X2>(X1X4) - Z(xwm)(xmx@
1 B 1, _
—jxwam)(xw“m) + 1(X37*’YaX2)(X1’Y*’YaX4)
1, _
+§(X37abX2)(X1'YabX4)
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X1 =Ukyy™, xo = UL, X3 =&, xa = 1m VY

P (Uh Y,y ™ UL ) (&9, 7m T

(2) €07 (Uhyy™ WL ) (€ 7m W
= 5P (€7 ym VL) (Thyeny™ U5) +

Fierz rearrangement 2b

1 e i |
= =5 (E L) (T m W) — €7 (E W) (W™ peym B

—36“”””(5%%\1’3)(\Tf';vwmvavm\lfi)

+i€‘”” (€1 Ya Yy ) (UEry ™ ey ym )

e (€ UL (U

e (& 0 ) (T B) + €7 (81, 0 ) (T W)

_%ew’”(s Vi Ym W) (Bhruy ™ WL ) + ;6%‘7(6 YV ) (U5 ™)

) = 07 (el L) (B ) 07 (e ) (0
QE'WpU(E Y 'Y;/lel’l )(\II m\Ilt]T)

(X1x2)(X3x4) = —2(23X2)(>€1X4) - %(X3%X2)(5<1’Y*X4)
—i(maxQ)(Xw“m) + i()’csv*’mm)(m*v“m)
+é(>’<3m><2)(>’<w“bx4)

= Thy™, e =0, X3 = €7, X4 = 1T

P (Thy ™l ) (67,7 m V) =

(2b) P (S W) (Um0

5P (€ W) (P yy ™) —

—ie“”””(éiv*w‘l’i—)(\l'kv vm\I'i)—26“””(?7*%%\1’2)(\1"“7 P Ym W)
—ie“””"(e YV Ya o) (Tpy™y  ym ¥)

+ie‘“’”"(€ Y2l (U™ 1y *m )

g 0 V) (U ],

e (e, ) (B + 70 (0, L) (T )

1 ; 1 _
S (€ ) (D™ ) e (& W) (U ™)

) = et (£ WL ) (U 5) + e (81, W) (U 05)
L7 (£, L) (0

(2a)+(2b) P (T, 4™ WL ) (&7, UL) + 4P (€, ym U ) (TR WL ) = 2607 (g1, BL) (Uh, 1)

+ 26097 (81,7, L) (B W)

= (2) (£ ) (T ™ L ) = — 7 (D™ L ) (£ )+ 26707 (€, W) (T, W)

+ 2697 (81,7, UL (B0
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Fierz rearrangement 3a

1 1

(x1x2)(Xsxa) = ——(Xsx2)(Xax4) — Z(X3%X2)(>_<1%X4)

|
NS

_ _ 1, _
(X3YaX2)(X17"X4) + Z(XSW*%XZ)(XWWGM)

1, _
+§(X3%bX2)(X1’Y“bX4)

X1 =Py, xe =W, xs =&, xa =,
pvpo (grk LN/ =iad 1 =il \ (K J 1 nvpo (=i IBAYS L i
€ (‘IJVV*VPII]U)(E \I},u,) = _Z(E \I}a)(\IerY*’Yp\I},u,) - 16 (E ’Y*WU)(\I’V,Y*’YP’Y*\I]/L)
1 _ 1 ,
=3¢ (E7aTo) (T, ) + €7 (8970 Vo) (T3 77077 1)
_i_le;wpa(éi,y \I/l )(\Ilk ab\:[/j )
3 ab¥ s YY"
1 prpo ( =iyl k j 1 Qvpo (=i l k j
= e (L) (B ) — e (€ W) (U, W)
1 , 1 A
€7 (Em ) (W7o UY) + 777 (E v W) (P57 ™ )

1 .
7§E,uupa(€—z,ymn‘1} )(‘likv*’ypvm"\lﬂ )

s

I 1 oo i

+ 1 (E W) (T, Wg) — 767 (€0, (93, 95)

1 i 1 ;

=1 E ) (W™ W) = 1 (Em D) (B, P5)

1 .
- gelWPU (éz%nnq/ )(‘I/k'Y*’Yp’Ymn‘P] )

(3a) HP? (Uhn,ny, W) (E8W)) = 1€ (g0 )(TEryy, W) ) — ”V"U(gi’Y*‘I’L)(‘I’k%‘I’])
— Lerea gy, W) (4™ vp\l’k) LeHPT (& WL ) (B ™ %‘I’ﬁ)
éeﬂvpo(s /Ymn\I/L)(\I’kV*’Yp’Ymn\IIJJ)

Fierz rearrangement 3b

1 1

(X1x2)(X3x4) = —1(23X2)(>21X4) - 1(23%)(2)(21%9(4)

1

_ _ 1
—1(X37aX2)(X17aX4) + 1(

1

+§(>_<37ab><2)(>217ab><4)

X3V YaX2) (X177 X4)

X1=Vy,, xa =YL, x3=¢", xa =%
uvpo (rk L\/=t 7\ 1 prpo ( =iyl k J 1 nypo ([ =i l k J
T (UyypWe) (€ T}) = — €777 (€ We) (W W) — €77 (€9 W) (W77 W)

I _ .
2P (Ey W) (P77 7 )

1 »
L) W) 4

1 .
+§6“””"(€‘%b\112)(\1” Yoyl
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1 : 1 A
= =T (E V) (T UY) + 7 (€ W) (U5, W)
1 - - . 1 .
€7 (Em W) (U™ UY) + 77 (E v W) (P70 ™ 0)
1 y - .
€ (W) (77,7 ")

1 vpo (=t 1 vpo (=t T ]
= (W) (T B) + e (€, L) (B, W)

s

1 y 1
=€ (E W) (W W) — 17 (€ W) (W, ¥5)
1 A _ A
€7 (E Y W) (77,7 ")
(80) €97 (€170 (Wl BE) = — (€101 (. 09) + Ko (8,1 (L, )

= §EP7 (Eym W) (W™, ) — 167 (Eym W), ) (U™, Uh)
+ e (€ vmn‘l’u)(‘l’ﬂwpvm"‘l'%)

(3a)+(3b) €P7 (Uhr,y, UL ) (W) + 07 (&1, W),) (Uhr, W) = — e (gl WL ) (B yy ™, UF)
— 2P (&, UL (B ™y, WE )

= (3) P (€ W)) (W, Wh) = =27 (U, U5) (E10)) — g2 (€' b)) (Bl 7y ™, U5)

— Letre7 (&l WL ) (B, UK )

Fierz rearrangement 4a

(X1x2)(X3x4) = —2(23X2)(>€1X4) - i()’m*m)(iw*m)
—i(isvam)(m“m) + i()‘csv*%m)(m*v“m)
+é(>_<37ab><2)(>217ab><4)
Xi= U™, x2 = 7,05, xs =&, xu = M ¥,
e (B ey ™ W) (E W) = — 1 (€ W) (W ™ L) — P (€1, UE) (B ey ™ W)

1 ) .
_ieﬂupa(él’)/a’)/p\ljg)(\IJ{,’Y*’Ym'Ya'Ym\I’L)

1 B
€7 (€797 Vo) (P77 77 Y P,,)

1 ) _
+3 7 (E a1y Vo) (W™ Ty,
= P (Ey ) (B3 Wy) — €77 (€9, 0 (B )

1 1
=S PT(E m ) (W7 ™ W) — S (E Yy V) (B0 ™ Wy )

(d4a) €07 (€9, W) (W™, UE) = €07 (1, UE) (W) W) — €07 (1,7, UE) (W5 0L
— 2P (& B (W)™ WL ) — LetP7 (Elry ), TR ()0 )
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Fierz rearrangement 4b

1 1

(x1x2)(Xsxa) = ——(Xsx2)(X1x4) — Z(X3%X2)(>_<1’V*X4)

|
NS

_ _ 1 _
(X3YaX2)(X17"X4) + Z(XSW*%XZ)(XWWGM)

1, _
+§(X3%bX2)(X1’Y“bX4)

= \Tjgl’ym y X2 = VP\P]; , X3 = éi y X4 = ’Y*Pqujﬁl
o ) Lo 1
P (B W) (€ ymPy,) = — 7P (€, UE) (B ™ v mm W) — S €77 (€0 Ue) (B s T,)

1
=€ (E 70 W) (B0 ¥ vm ¥),)

1 g
e (e YeYa Yo U E) (U™ ey Yoy TL,)
1
+ge (e Vb Yo ¥ ) (W Y pem W5,
= =P () (W) U)) + €77 (&, ) (B0

1
€ (€ U) (B W)

1 Py _
+§€HVPU(51’Yab7u\P];)(\I/] = ¥s) s

1
26””’”(67 VWP (W77 W5) —

(4b) 497 (b, ) (B 05) = 0 (4, 5) (W )+ 97 (5, W) (W0
- %Euypa(s_z')/m'yuq}lzf)(\IJ]P'Y*’Ym\I’ir) - %Euypa(s V*Vm’yu\llz]i)(\pp m\llir)

(4a)+(4b) €7 (€ UL ) (W) 7y ™y, UE) + €777 (€1, UL, (W7, UE) =
0 (g ) (B ™) — e (1, ) (B0 )

VnVe = 26mp = Wurm = (4) VP (EqmUL) ()Y Uh) + @7 (€97, W) (B, UE) =
—2eH7P7 (W) (T yuy, UG ) — 26477 (E17,07) (W17, W5, )
+ €07 (€ UE) (T ™ W) + €7 (€77 UE) (P57 ™ TL)

Fierz rearrangement 5a

1 1

(X1x2)(Xsxa) = —Z(X3X2)(>_<1X4) - Z(XS’Y*X2)(>_<1’Y*X4)

1

_ _ 1, _
—Z(stam)(xw“m) + Z(XW*%XZ)(XW*’YGM)

1

+§(>Z3VabX2)(>21VabX4)

X1 = Uyy™, x2 = WL | X3 = &, xa = 1 V5
o Py 1, . 1,
P (U, y WL ) (€ W) = —ZGW’) (EYu L) (P ™ ym TE) — Zf‘wp (Y Y5 (B 7y ™ 1 m V)

]_ .
—EE”VPU(E_Q’YM’Ya\I’fy)(‘I’J’Y*’Y Yy UH)

32



1
+ €7 (€ Vo) (B ™ 1y m 1)
1 . .
G AL o
= P (W ) (W7 W5 + €7 (€, U ) (U5 0

1 s I
S (E o ) (B ™) S (€ W) (B W)

(5) 97 (21,0, W) (W ™0 ) = 0 (£, L) (U ) e (e, W) (B0
— LemPT (&, UL ) (Wl ™WE)  Let0o (&l UL ) (B WK )

Fierz rearrangement 5b

_ _ 1, _ 1, _
(X1x2)(X3x4) = —Z(X3X2)(X1X4) - Z(mm)(xmm)
1 B 1, _
—Z(xwam)(xwam) + Z(X37*'Yax2)(X1'Y*’YaX4)
1, _
+§(X37abX2)(X17abX4)

X1=T™, xa =W, X3 = €9y, xa = Tm VE
7 (W™ ) (E Yy ym TL) = —if"”p"(é"'y*'m‘l’f;)(‘lﬂv YmWE) — if"””"(éi’mw*\lfé)(‘l”v Y ymTE)
ie’””"(s W0 o) (P57 Y T
+i€“”""(€ P92 e) (T ™ 5y 9 )
+%€#Vpa(€_i’7*’7,u7ab‘1’é) Rz AR
= (. L) (BWE) + e (e, 0 ) (B, )

1 1
—5¢"(E VYm0 (T UG + 56“”””(8 Yuym ¥y (T ™5

() 7 (£, ) (W ™0L) = 00 (e, 04 ) (i ) o (e, ) (0
+ 3P (& UL ) (Uhyuy ™ WE) — LekP7 (&0, B ) (T WK

(5a)+(5b) = (5) 77 (€ ym WE) (Whyay™Wh) + €77 (€73, 7 U5) (U9 ) =
26 (810, W) (T, UE) 4+ 2097 (1, 0L (B W)

E Miscellaneous

E.1 Calculation of D}, D,)¥} and D}, D,v,

Let’s first calculate D[uDu]\llz

DD, ¥, = D,D,V, — D,D, V!,

1
7wuab7abX) )

1
= D,LL(&/X + *wuab’)/abX) - Du(a,ux + 4

4

33



1 1 1
= a,u(aux + Zwuab'yabX) + Zwucd’}/Cd(auX + lwuab'YabX)

1 1 1
—,(Bux — Zwuaw‘”’x) — Zwucdv“l(aux —~ Zwuawabx) :

1 1 b1 c 1
= Ma+ Zauwuabfyabx +W +W + EwucdwuabVCd"yabx
a 1 ab 1 €1 b 1 cd, ab
_M - zauw,uabfy X _W _W - Ewycdwuab’}/ YOX,
1 1 1

1

= *auwuabfyabx - *8Vw,uab7abx + 7w,uabwucd'7ab'70dx - 7wuabwucd70d7abx
4 4 16 16

© 1 1 1 1

= *8uwuab7abx - *auw,uab’)/abx + 7wuabwucd7ab76dx - 7wuabwucd70d7abx
4 4 16 16

@ 1 1 1 1

= 78,uwl/ab’7abx - *azzw,uab’yabx + 7w,ubawucd77ac’7bd - 7wubawudcnad7bcx

4
1 mn i
= ZRW Y ¥, -

4 4 4

The steps (a) and (b) use the definition (13).

The step (c) uses the relation yyc? — yodyab — _gpacybd 4 opbesad 4 gpadybe  gpbdyac
The step (d) uses the property wyep = —Wyba-

The step (e) uses the definition (26).

Let’s than calculate Dy, D)7,

DyDyyye = DpDy(efr)
= Dy Dyepr,
= [DuDye, — DyDyep]vr
= [Du(0ve;, + wyrkeﬁ) — Dy (9pey, + w,fke];)} Yr
= [au(aue:; + wyrkelg) + Wurl(auei) + WVTZGIZ)
—0y(Ope), + wurkel;) - wyn(aﬂeﬁ) + wurlel’f)] Vr s
b c
= (0l "+ Ouwn " ek + wiBRE + w dreh + w, w ek
c b
~ 0,855 "~ Dywy kel — wa kBT — w, e, — w, 1w ieh) Y
(é) R;wmn’}’m Enp -

The steps (a) and (b) use the definition (12).
The step (c) uses the definition (26).

E.2 Calculation of [D,, D,]e’

[D/MDI/]Ei = Dllbusi _Dusia
(@) ~ i Ao i - i VA
= DH(DV€ + mM]_J’YVE]) — D,/(DME + mMIJ’YMEJ) y
®) VA VA kL VA
= D, (D,e" + MP~,e7) + M? D,e" + —— M7~
u(Dye /3 1 we’) 2v3 1 Yl e 1 WwE’)
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—D, (D’ + \/ng el) - 2\\/; 9 (Du€ + 2\\/;]\/[ Tue?),

(e) \/K i kEnaski
= D,D,e +—MJD Tl 4 —— e + — + — MM,y
2\/‘3 ;L,/rs M M A i | ILVE

VA o

~D,D,e" — %M”DV /ﬂrsj M—M— —M{ka]fy,/y“s],
VA

[D D] Wi 12’7;/71/5 + 12’71/7,115 )

1 A
n an mn :l: T~

The steps (a) and (b) use the definition (51).

The step(c) takes into account D,v, = D, (e},v,) = D,el,.

The step (d) takes into account (M;)? = £I from (39) and Dy,e5
vy, =0.

The step (e) takes into account the first result obtained in Appendix E.1 and the relation v, =
%'Y,u’)/u - %’YV%L-

—
S
=

—
a
~

’Yuy)si

= 0 obtained from (33) when
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