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Abstract: This work revisits D = 4, N = 1 (anti)-de Sitter supergravity within a deliber-
ately unconventional framework aiming to show that D = 4, N = 1 de Sitter supergravity can be
derived only with the graviton and the gravitino fields, and therefore without a Goldstino field, a
scalar sector, or spontaneous supersymmetry breaking. The unconventional features of this work
consist in using the Majorana conjugate to construct bilinears of Weyl spinors and introducing the
hyperbolic unit in the fermionic terms related to a positive cosmological constant.

“One should not desist from pursuing to the end the path of the relativistic field theory.”
A. Einstein

“A great deal of my work is just playing with equations and seeing what they give.”
P. Dirac
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1 Introduction

Supergravity is a wonderful achievement at the crossroads between the works of A. Einstein and
P. Dirac [1–4]. Noteworthily, almost since its discovery fifty years ago, D = 4, N = 1 supergravity
is known to be anti-de Sitter with a negative cosmological constant when only the graviton bosonic
field emµ and the gravitino fermionic field ψµ are considered [5]. It is only recently that D = 4, N = 1
de Sitter supergravity with a positive cosmological constant has been derived by adding a nilpotent
Goldstino fermionic field χ to obtain the local supersymmetry and then by eliminating it through
spontaneous supersymmetry breaking [6].

Given the no-go theorems on the subject [7,8], it is clear that hoping to derive D = 4, N = 1
de Sitter supergravity in a different way than [6] requires an unconventional approach.

For motivation to derive D = 4, N = 1 de Sitter supergravity, the reader is refered to the
Introduction of [6].

*sd@ds-supergravity.org
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2 A reminder on spinors, Lorentz transformations, local Lorentz
derivative, and spinor bilinears

2.1 Spinors

This section follows Sec. 3.2 of [4]. Given any spinor χ ≡ (χ)α whose components are four anti-
commuting Grassmann variables, its Dirac conjugate χ̄(Dirac) ≡ (χ)α and its charge conjugate
χC ≡ (χC)α are defined by1

χ̄(Dirac) ≡ iχ†γ0 , (1)

χC ≡ iγ0C†χ∗ , (2)

where C is the charge conjugation matrix having the following properties2

C† = C−1 , CT = −C =⇒ CC∗ = C∗C = −1 ,
(Cγ∗)

T = −Cγ∗ .
(Cγm)T = Cγm ,

(Cγmn)T = Cγmn ,

(Cγmnr)T = −Cγmnr ,

(Cγmnrs)T = −Cγmnrs . (3)

From the definitions (1),(2) and the properties (3), one can verify that

χC
(Dirac)

≡ i(χC)†γ0 = χTC , (4)

which can be used to define the Majorana conjugate of any spinor χ by

χ̄(Majorana) ≡ χTC . (5)

In this work, the Majorana conjugate (5) will be used and not the Dirac conjugate (1) for
constructing bilinears of Weyl spinors as explained below.

2.2 Lorentz transformations

The Lorentz transformations of a vector V m and a spinor χ are defined by3

δLV
m = −ωm

kV
k ⇐⇒ δLVm = −ωm

kVk , (6)

δLχ = −1

4
ωabγ

abχ⇐⇒ δLχ̄ =
1

4
ωabχ̄γ

ab , (7)

where ωab is an infinitesimal Lorentz transformation that is antisymmetric ωab = −ωba

1The conventions of this work are those of [4] except for the definition of γ∗ : the metric signature is (−+++) ;
the four γ-matrices are defined by γmγn + γnγm = 2ηmn

1 where 1 is the unit matrix ⇒ (γ0)2 = −1 and (γk)2 = 1

with k = 1, 2, 3 ; (γm)† = γ0γmγ0 ⇒ (γ0)† = −γ0, (γk)† = γk ; γm ≡ ηmnγ
n ⇒ γ0 = −γ0 and γk = γk ;

γ∗ ≡ iγ0γ1γ2γ3 ⇒ (γ∗)
2 = 1 , (γ∗)

† = γ∗ and γ∗γ
m = −γmγ∗ ; γmn ≡ γ[mγn] = 1

2
(γmγn − γnγm) antisymmetric

with strength one, and so on for γmnr and γmnrs ; ϵµνρσ ≡ e ϵmnrseµmeνne
ρ
re

σ
s ⇒ ϵµνρσ = e−1ϵmnrse

m
µ enν e

r
ρe

s
σ with

ϵ0123 = +1 = −ϵ0123.
2The Weyl representation of the γ-matrices is given in Appendix A.
3The expression for δLχ̄ follows directly from (5) and the property (γab)TC = −Cγab coming from (3): (δLχ) ≡

(δLχ)
TC = δL(χ

T )C = δL(χ
TC) = δLχ̄ with (δLχ)

TC = (− 1
4
ωabγ

abχ)TC = − 1
4
ωabχ

T (γab)T = 1
4
ωabχ

TCγab =
1
4
ωabχ̄γ

ab.
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2.3 Majorana spinors

A Majorana spinor is defined by the condition

χC = χ . (8)

From (4),(5) one can see that the Majorana conjugate of a Majorana spinor is equal to its Dirac
conjugate

χC = χ =⇒ χ̄(Majorana) ≡ χ̄(Dirac) . (9)

2.4 Weyl spinors

Any spinor χ can be split into its left and right Weyl projections that are also spinors4

PLχ ≡ 1

2
(1− γ∗)χ , (10)

PRχ ≡ 1

2
(1+ γ∗)χ , (11)

with obviously χ = PLχ+ PRχ.

In D = 4 it is known that a spinor χ cannot be a Majorana and a Weyl spinor at the same
time5: χ = χC ⇒ χ ̸= PLχ and χ ̸= PRχ.

2.5 Local Lorentz derivative

Supergravity uses the local Lorentz derivative which acts on Lorentz local frame (Latin) indices
and spinor indices but not on general coordinate (Greek) indices. The local Lorentz derivative of
a vector V m and a spinor χ are defined by6

DµV
m = ∂µV

m + ωµ
m

kV
k =⇒ DµVm ≡ ∂µVm + ωµm

kVk , (12)

Dµχ = ∂µχ+
1

4
ωµabγ

abχ =⇒ Dµχ̄ = ∂µχ̄− 1

4
ωµabχ̄γ

ab , (13)

where ωµmn is the spin connection that is antisymmetric ωµmn = −ωµmn.

2.6 Spinor bilinears

The γ-matrices and C are numerical matrices on which the Lorentz transformation and the Lorentz
derivative do not act7:

δLγ
m = 0 , Dµγ

m = 0 , (14)

δLγ∗ = 0 , Dµγ∗ = 0 , (15)

δLC = 0 , DµC = 0 . (16)

4Needless to say that a Weyl projection satisfies (7) thanks to the property γ∗γ
ab = γabγ∗.

5This is due to the fact that (PLχ)
C = PRχ

C and (PRχ)
C = PLχ

C in D = 4 as shown in Appendix C.1.
6The expression for Dµχ̄ follows directly from (5) and the properties (3): it is easy to verify that (Dµχ) ≡

(Dµχ)
TC = Dµ(χ

TC) = Dµχ̄.
7See Sec. 8.3 of [4]. Note that this is not always clearly stated in the literature.
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The Lorentz transformation (7) together with the left part of (14),(16) allow to create spinor
bilinears that transform as tensorial entities. For instance, χ̄ξ transform as a scalar: δL(χ̄ξ) =
δLχ̄ξ + χ̄δLξ =

1
4ωabχ̄γ

abξ − 1
4ωabχ̄γ

abξ = 0.

Using the relation γabγm−γmγab = 2ηbmγa−2ηamγb one can see that χ̄γmξ transform as a vector:
δL(χ̄γ

mξ) = δLχ̄γ
mξ + χ̄γmδLξ = 1

4ωabχ̄γ
abγmξ − 1

4ωabχ̄γ
mγabξ = 1

4ωabχ̄(γ
abγm − γmγab)ξ =

1
2ωabχ̄(η

bmγa − ηamγb)ξ = 1
2ωa

mχ̄γaξ − 1
2ω

m
bχ̄γ

bξ = −ωm
k(χ̄γ

kξ).

Similarly, one can verify that the spinor bilinears χ̄γmnχ, χ̄γmnrχ and χ̄γmnrsχ transform as tensors.

3 Spinor-ansatz bilinears

Starting from any spinor ψ, let’s construct the spinor-ansatz Ψi and its Majorana conjugate Ψ̄i

Ψ1 ≡ ψ , Ψ̄1 ≡ (Ψ1)TC = ψ̄ ,

Ψ2 ≡ (Ψ1)C = ψC , Ψ̄2 ≡ (Ψ2)TC = ψC . (17)

From two spinor-ansatzes εi, Ψi let’s also define the following spinor-ansatz bilinear which
is real by construction8

M ij(ε̄iNΨj) , (18)

when N is any matrix obtained from products of γm and iγ∗ and when M is a 2x2 numerical
matrix whose components have the following properties

M22 = (M11)
∗ ,

M21 = (M12)
∗ . (19)

4 Weyl spinor-ansatz bilinears

Starting from a left-handed Weyl spinor ψ ≡ PLψ, the spinor-ansatz (17) becomes9

Ψ1 ≡ PLψ , Ψ̄1 ≡ (Ψ1)TC = PLψ̄ ,

Ψ2 ≡ (Ψ1)C = PRψ
C , Ψ̄2 ≡ (Ψ2)TC = PRψC . (20)

In the following sections, we will consider only Weyl spinor-ansatz bilinears as defined by (18), (19)
and (20).

5 The unconventional derivation framework

The unconventional framework used to revisitD = 4, N = 1 (anti)-de Sitter supergravity is based on
the gravitino ψµ expressed as a left handed Weyl spinor ψµ = PLψµ. Three numerical 2x2 matrices
S1,S2,M1 and four conventional real constants k1, k2, k3, k4 are used and will be specified in the
following sections. In this section it is only supposed that the two 2x2 matrices S are symmetric:
S = ST .

8This is proven in Appendix B.
9The consistency of this construction is proven in Appendix C.1.
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The action considered is the sum of the Einstein-Hilbert term, the cosmological constant
term, the Rarita-Schwinger term, and one gauged term10:

S = SEH + SΛ + SRS + SgΛ , (21)

where11

SEH = k1

∫
dx4 e eµme

ν
nRµν

mn , (22)

SΛ = ±2k1

∫
dx4 eΛ , (23)

SRS = −k2
∫
dx4 eSij

1 (Ψ̄i
µγ

µνρDνΨ
j
ρ) , (24)

SgΛ = +2k2k4
√
Λ

∫
dx4 eSij

2 (Ψ̄i
µγ

µνΨj
ν) , (25)

with

Rµν
mn ≡ ∂µων

mn − ∂νωµ
mn + ωµ

m
r ων

rn − ων
m

r ωµ
rn , (26)

DµΨ
i
ν ≡ ∂µΨ

i
ν +

1

4
ωµmnγ

mnΨi
ν =⇒ DµΨ̄

i
ν = ∂µΨ̄

i
ν −

1

4
ωµmnΨ̄

i
νγ

mn . (27)

With the conventions given in footnote 1, the plus (resp. minus) sign of the cosmological constant
term (23) corresponds to D = 4, N = 1 anti-de Sitter (resp. de Sitter) supergravity.

Using the so-called 1.5 order formalism, the goal is to show that the action (21)-(27) is
invariant δS = 0 under the following local supersymmetry transformations12 involving the Weyl
spinor-ansatz εi ≡ (εi)α as supersymmetry parameter13:

δemµ = k3S
ij
1 (ε̄iγmΨj

µ) =⇒ δeµm = −k3Sij
1 (ε̄iγµΨj

m) =⇒ δe = k3 eS
ij
1 (ε̄iγρΨj

ρ) , (28)

δΨi
µ = Dµε

i + k4
√
ΛM ih

1 γµε
h =⇒ δΨ̄i

µ = Dµε̄
i − k4

√
ΛM ih

1 ε̄hγµ . (29)

As stated in [2] the 1.5 order formalism is nothing else than the Palatini trick of general
relativity extended to supergravity. The spin connection ωµ

mn is treated as an independent field
and one imposes that the variation of the action (21)-(25) with respect to it vanishes:

δωS = δωSEH + δωSRS = 0 , (30)

where14

δωSEH = k1

∫
dx4 ϵµνρσϵmnrs δωµ

mnerν Dρe
s
σ , (31)

δωSRS = −k2
4

∫
dx4 ϵµνρσϵmnrs δωµ

mnerν S
ij
1 (Ψ̄i

ργ
sΨj

σ) , (32)

10Note that the matrix S1 must be block off-diagonal and the matrix S2 block diagonal since we are working with
Weyl spinors and using the Majorana conjugate (5).

11As usual in supergravity: e = det emµ ; ϵµνρσ ≡ e−1ϵmnrse
m
µ enν e

r
ρe

s
σ, ϵ

µνρσ ≡ e ϵmnrseµmeνne
ρ
re

σ
s with ϵ0123 = +1 =

−ϵ0123 and ϵµνρσϵmnrse
r
ρe

s
σ = −2 e (eµmeνn − eµne

ν
m) ; γµνρ ≡ γmnreµmeνne

ρ
r = −e−1ϵµνρσiγ∗γσ with γσ ≡ emσ γm.

12Note that the matrix M1 must be block off-diagonal since we are working with Weyl spinors.
13The consistency of the local supersymmetry transformation (29) is proven in Appendix C.2.
14See Appendix D for the detailed calculations.
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which leads to the equation

D[ρe
s
σ] =

k2
4k1

Sij
1 λ(Ψ̄

i
ργ

sΨj
σ) . (33)

This equation for ωµ
mn can be solved to find

ωµ
mn = ωµ

mn(e) +Kµ
mn(Ψ) , (34)

where ωµ
mn(e) is the torsionless spin connection

ωµ
mn(e) =

1

2
emρ(∂µe

n
ρ − ∂ρe

n
µ)−

1

2
enρ(∂µe

m
ρ − ∂ρe

m
µ )− 1

2
emρenσ(∂ρe

r
σ − ∂σe

r
ρ)erµ , (35)

and Kµ
mn(Ψ) is the so-called contortion tensor given by

Kµ
mn(Ψ) =

k2
4k1

Sij
1 λ(Ψ̄

i
µγ

mΨjn − Ψ̄i
µγ

nΨjm + Ψ̄imγµΨ
jn) . (36)

Following the spirit of the 1.5 order formalism, the result (33) shall be taken into account in the
next variations. It is proven in Appendix D that the next variations give

δeSEH = −k1k3
2

∫ a︷ ︸︸ ︷
dx4 ϵµνρσϵmnrsRµν

mnerρ S
ij
1 (ε̄i γsΨj

σ) .

δeSΛ = ±2k1k3Λ

∫ b︷ ︸︸ ︷
dx4 eSij

1 (ε̄i γµΨj
µ) .

δeSRS = −ik2k3
∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
1 (Ψ̄k

νγ∗γ
mDρΨ

l
σ) .

δeSgΛ = −2ik2k3k4
√
Λ

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
2 (Ψ̄k

νγ∗γ
mγρΨ

l
σ) .

δΨSRS = +
k2
4

∫ a︷ ︸︸ ︷
dx4ϵµνρσϵmnrsRµν

mnerρ S
ij
1 (ε̄iγsΨj

σ)+4k2k4
√
Λ

∫ c︷ ︸︸ ︷
dx4 eSjh

1 Mhi
1 (ε̄iγµνDµΨ

j
ν)

− i(k2)
2

4k1

∫
dx4ϵµνρσSij

1 (ε̄iγ∗γmDµΨ
j
ν)S

kl
1 (Ψ̄k

ργ
mΨl

σ)

− i(k2)
2k4

√
Λ

4k1

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµγmΨj

ν)S
kl
1 (Ψ̄k

ργ
mΨl

σ) .

δΨSgΛ = −4k2k4
√
Λ

∫ c︷ ︸︸ ︷
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)−12k2(k4)

2Λ

∫ b︷ ︸︸ ︷
dx4 eSjh

2 Mhi
1 (ε̄iγµΨj

µ)

− i(k2)
2k4

√
Λ

k1

∫
dx4ϵµνρσSij

2 (ε̄iγ∗Ψ
j
µ)S

kl
1 (Ψ̄k

νγρΨ
l
σ)

+
i(k2)

2k4
√
Λ

k1

∫
dx4ϵµνρσSij

2 (ε̄iγ∗γµγmΨj
ν)S

kl
1 (Ψ̄k

ργ
mΨl

σ) . (37)

In order to partly fulfill the supersymmetric condition δS = 0, the terms (a),(b),(c) of (37) give15

k3 =
k2
2k1

, k4 =
1

2
√
3
, (38)

15Note that k2 is independent of k1, in particular its sign. It is usual to set k1 = k2 = 1
2κ2 ⇒ k3 = 1

2
.
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and16

(M1)
2 = ±I , S2 = S1M1 . (39)

In order to completely fulfill the supersymmetric condition δS = 0, it is also proven in
Appendix D that the remaining terms of (37) lead to

0 = − i(k2)
2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iΨj
µ)(Ψ̄

k
νγ∗DρΨ

l
σ)

+
i(k2)

2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iγ∗Ψ
j
µ)(Ψ̄

k
νDρΨ

l
σ)

+
i(k2)

2

4k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iDµΨ
j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)

− i(k2)
2

4k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iγ∗DµΨ
j
ν)(Ψ̄

k
ρΨ

l
σ) , (40)

and

0 = − i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσ(Sik

1 Sjl
2 − Sjk

1 Sil
2 − Sil

1S
jk
2 + Sjl

1 S
ik
2 )(ε̄iΨj

µ)(Ψ̄
k
νγ∗γρΨ

l
σ)

+
i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσ(Sik

1 Sjl
2 − Sjk

1 Sil
2 + Sil

1S
jk
2 − Sjl

1 S
ik
2 )(ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ)

+
i(k2)

2
√
Λ

8k1
√
3

∫
dx4ϵµνρσ(2Sik

1 Sjl
2 − 2Sil

1S
jk
2 − Sjl

1 S
ik
2 + Sjk

1 Sil
2 )(ε̄

iγµΨ
j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)

− i(k2)
2
√
Λ

8k1
√
3

∫
dx4ϵµνρσ(2Sik

1 Sjl
2 − 2Sil

1S
jk
2 + Sjl

1 S
ik
2 − Sjk

1 Sil
2 )(ε̄

iγ∗γµΨ
j
ν)(Ψ̄

k
ρΨ

l
σ) . (41)

Each line of the conditions (40)-(41) contains at least oneWeyl spinor-ansatz bilinear that vanishes17

by construction of (20) since it is based on either ε̄iΨj
µ, ε̄iγ∗Ψ

j
µ, Ψ̄k

ρΨ
l
σ or Ψ̄k

ργ∗Ψ
l
σ with i, j or

k, l anti-symmetric. It is important to realize that the conditions (40)-(41) are obeyed only when
the Majorana conjugate (5) is used to construct bilinears of Weyl spinors, rather than the Dirac
conjugate (4)18.

At this point, we have thus proven that the action (21)-(25) is locally supersymmetric under
the local supersymmetry transformations (28)-(29) up to the conditions (39).

6 D = 4, N = 1 anti-de Sitter supergravity

In this section the plus sign of the cosmological constant term (23) is considered. The following 2x2
matrices satisfy the conditions (39) when it is a plus sign in the first condition:

S1 =

(
0 1
1 0

)
, M1 =

(
0 1
1 0

)
,

16Note that I is the unit matrix.
17Taking into account (γ∗)

2 = 1 and γT
∗ C = Cγ∗ coming from (3).

18An easy way to see this is the fact that C is block diagonal and γ0 block off-diagonal in the Weyl representation
of the γ-matrices given in Appendix A.
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S2 = S1M1 =

(
1 0
0 1

)
. (42)

It is easy to see from (20) that ψµ ≡ Ψ1
µ + Ψ2

µ = PLψµ + PR(ψ
C
µ ) is a Majorana spinor

defined by (8). In the case of (42), one can see that the results of the previous section gives back
the formulation for D = 4, N = 1 anti-de Sitter supergravity with the gravitino ψµ expressed as a
Majorana spinor19:

S = k1

∫
dx4 e eµme

ν
nRµν

mn + 2k1

∫
dx4 eΛ− k2

∫
dx4 e (ψ̄µγ

µνρDνψρ)

+
k2
√
Λ√
3

∫
dx4 e (ψ̄µγ

µνψν) , (43)

with

Rµν
mn ≡ ∂µων

mn − ∂νωµ
mn + ωµ

m
r ων

rn − ων
m

r ωµ
rn ,

Dµψν ≡ ∂µψν +
1

4
ωµmnγ

mnψν =⇒ Dµψ̄ν = ∂µψ̄ν −
1

4
ωµmnψ̄νγ

mn ,

D[ρe
s
σ] =

k2
4k1

λ(ψ̄ργ
sψσ) ,

ωµ
mn =

1

2
emρ(∂µe

n
ρ − ∂ρe

n
µ)−

1

2
enρ(∂µe

m
ρ − ∂ρe

m
µ )− 1

2
emρenσ(∂ρe

r
σ − ∂σe

r
ρ)erµ +Kµ

mn(ψ) ,

Kµ
mn(ψ) =

k2
4k1

λ(ψ̄µγ
mψn − ψ̄µγ

nψm + ψ̄mγµψ
n) .

and

δemµ =
k2
2k1

(ϵ̄γmψµ) =⇒ δeµm = − k2
2k1

(ϵ̄γµψm) =⇒ δe =
k2
2k1

e (ϵ̄γρψρ) , (44)

δψµ = Dµϵ+

√
Λ

2
√
3
γµϵ =⇒ δψ̄µ = Dµϵ̄−

√
Λ

2
√
3
ϵ̄γµ . (45)

It is interesting to see that the following 2x2 matrices also satisfy the conditions (39) when
it is a plus sign in the first condition:

S1 =

(
0 1
1 0

)
, M1 =

(
0 i
−i 0

)
,

S2 = S1M1 =

(
−i 0
0 i

)
. (46)

In this case ψµ ≡ Ψ1
µ+Ψ2

µ = PLψµ+PR(ψ
C
µ ) is still a Majorana spinor but it can no longer be

used to derive D = 4, N = 1 anti-de Sitter supergravity. The reason being that the supersymmetry
transformation (29) would not give back a Majorana spinor with (46). In our unconventional
approach, Weyl spinors play therefore a more important role than Majorana spinors. We will push
this result further in the following section.

19See Sec. 2.5 of [3].
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7 D = 4, N = 1 de Sitter supergravity

In this section the minus sign of the cosmological constant term (23) is considered. The following
2x2 matrices satisfy the conditions (39) when it is a minus sign in the first condition:

S1 =

(
0 1
1 0

)
, M1 =

(
0 j
−j 0

)
,

S2 = S1M1 =

(
−j 0
0 j

)
, (47)

where j is the hyperbolic unit20 having the following properties:

j2 = 1 ,

j̄ = −j =⇒ jj̄ = −1 . (48)

It is important to note that the use of the hyperbolic unit does not compromise what has been
achieved so far. In particulat, the action (21)-(27) remains real and the supersymmetry transfor-
mation (29) consistent.

We have thus proven at this stage that the action (21)-(27) with the matrices (47) is a
locally supersymmetric action under (28),(29) for D = 4, N = 1 de Sitter supergravity.

8 Discussion

8.1 The use of split-complex numbers in supergravity

Some authors use split-complex numbers21 in supergravity for the scalar sector [10–13]. It should
not be seen as an issue to use split-complex numbers in supergravity if the action remains real and
the supersymmetry transformations consistent.

8.2 Killing spinors

The Killing spinor analysis is similar to the one given in Sec. 2.2.3 of [9]. When Ψi
µ = 0 the bosonic

field equations derived from the action (21)-(25) are

eνnRµν
mn − 1

2
emµ R∓ emµ Λ = 0 (49)

whose homogeneous solution is (anti-)de Sitter space with the curvature tensor

Rµν
mn = ∓Λ

3
(emµ e

n
ν − emν e

n
µ) . (50)

The conditions Ψi
µ = 0 ⇒ δΨi

µ = 0 lead from (29) to the Killing spinor equation

D̃µε
i ≡ Dµε

i +

√
Λ

2
√
3
M ij

1 γµε
j = 0 , (51)

20The hyperbolic unit is used in mathematics to construct split-complex numbers. See https://en.wikipedia.

org/wiki/Split-complex_number or https://books.physics.oregonstate.edu/GELG/csplit.html for instance.
21Also called para-complex numbers or hyperbolic numbers in the literature.
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whose integrability condition is22

[D̃µ, D̃ν ]ε
i = (

1

4
Rµν

mnγmn ± Λ

6
γµν)ε

i = 0 . (52)

Substituing (50) into (52), one can see that the integrability condition is obeyed and therefore that
Killing spinors do exist even in the de Sitter case, which differs from Section 4.2 of [6].

8.3 No extended de Sitter supergravities

One can see that the conditions (40)-(41) are obeyed only when i,j,k,l range from 1 to 2. Ex-
tended de Sitter supergravities are therefore not possible by using our unconventional approach
to cancel the quartic fermionic terms appearing in the supersymmetrization process. This should
not be seen as an issue since it is understood that the treatment of the other fundamental interac-
tions—electromagnetic, weak, and strong—differs from that of gravitation.

9 Conclusion

This work shows that it is possible to unconventionally deriveD = 4, N = 1D de Sitter supergravity
from a locally supersymmetric action without introducing any additional fields beyond the graviton
and gravitino, and without resorting to supersymmetry breaking. The first unconventional feature
of this work is the use of the Majorana conjugate to construct bilinears of Weyl spinors in order
to cancel the quartic fermionic terms appearing in the supersymmetrization process. The second
unconventional feature of this work is the introduction of the hyperbolic unit in the fermionic terms
related to a positive cosmological constant.

22This result is calculated in Appendix E.2.
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Appendix

A Weyl representation of the γ-matrices

γ0 =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 , γ1 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , γ2 =


0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

 , γ3 =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0



γ∗ =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 , C =


0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

 , (53)

B Proof that spinor-ansatz bilinears are real

From (2) and (3) we have for any spinor χC = Bχ∗ where B = iγ0C† ⇒ B−1 = iCγ0 with
(γ0)2 = −1 and C†C = 1. Therefore

χC = (Bχ∗)TC ,

= χ†BTC ,

= iχ†C∗(γ0)TC ,

(a)
= −iχ†C∗Cγ0 ,

= −i(χTC)∗Cγ0 ,

= −(χ̄)∗B−1 .

The step (a) uses the property (γ0)TC = −Cγ0 coming from (3).

Let’s consider the spinor-ansatz bilinear M ij ε̄iNΨj based on any two spinor-ansatzes εi,
Ψi defined by (17) or (20), and where N is any matrix obtained from products of γm and iγ∗. From
the properties (3) and (γm)† = γ0γmγ0 with (γ0)2 = −1, it can be shown that BN∗B−1 = N .
Hence23

(M ij ε̄iNΨj)∗ = −(M ij)∗(εi)∗N∗(Ψj)∗ ,

= −(M ij)∗(ε̄i)∗B−1BN∗B−1B(Ψj)∗ ,

(a)
= (M ij)∗(εi)CN(Ψj)C ,

= (M11)∗(ε1)CN(Ψ1)C + (M12)∗(ε1)CN(Ψ2)C

+(M21)∗(ε2)CN(Ψ1)C + (M22)∗(ε2)CN(Ψ2)C ,

= (M11)∗ε̄2NΨ2 + (M12)∗ε̄2NΨ1 + (M21)∗ε̄1NΨ2 + (M22)∗ε̄1NΨ1 ,

(b)
= M22ε̄2NΨ2 +M21ε̄2NΨ1 +M12ε̄1NΨ2 +M11ε̄1NΨ1 ,
(!)
= M ij ε̄iNΨj ,

The step (a) uses the above mentioned results χC = −(χ̄)∗B−1 and BN∗B−1 = N .

The step (b) uses (19).

23As in Sec. 3.2.4 of [4], the convention is used to reverse the order of anti-commuting Grassmann variables (spinor
components) in the process of complex conjugation: (αβ)∗ = β∗α∗ = −α∗β∗ where α, β are two anti-commuting
Grassmann variables.
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C consistency

C.1 Consistency of the construction for Weyl spinor-ansatzes (20)

Let’s prove the expression for Ψ̄1. Since Ψ1 ≡ PLψ, we have

Ψ̄1 = (PLψ) ,

(a)
= (PLψ)

TC ,

(b)
=

1

2
[(1− γ∗)ψ]

TC ,

=
1

2
(ψ)TC − 1

2
(ψ)T (γ∗)

TC ,

(c)
=

1

2
(ψ)TC − 1

2
(ψ)TCγ∗ ,

= (ψ)TC
1

2
(1− γ∗) ,

(d)
= ψ̄

1

2
(1− γ∗) ,

= PLψ̄ .

The step (a) uses the definition (5)

The step (b) uses the definition (10).

The step (c) uses the property (γ∗)
TC = Cγ∗ coming from (3).

The step (d) uses the definition (5).

Let’s also prove the expression for Ψ2. Since Ψ2 ≡ (Ψ1)C with Ψ1 ≡ PLψ, we have

Ψ2 = (PLψ)
C ,

(a)
= [

1

2
(1− γ∗)ψ]

C ,

(b)
=

i

2
γ0C†[(1− γ∗)ψ]

∗ ,

=
i

2
γ0C†(ψ)∗ − i

2
γ0C†(γ∗)

∗(ψ)∗ ,

(c)
=

i

2
γ0C†(ψ)∗ − i

2
γ0γ∗C

†(ψ)∗ ,

(d)
=

i

2
γ0C†(ψ)∗ +

i

2
γ∗γ

0C†(ψ)∗ ,

(e)
=

1

2
(ψ)C +

1

2
γ∗(ψ)

C ,

=
1

2
(1+ γ∗)(ψ)

C ,

= PRψ
C .

The step (a) uses the definition (10).

The step (b) uses the definition (2).

The step (c) uses the property C†(γ∗)
∗ = γ∗C

† coming from (3) with (γ∗)
† = γ∗.

The step (d) uses the relation γ0γ∗ = −γ∗γ0.
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The step (e) uses the definition (2).

Let’s finally prove the expression for Ψ̄2. Since Ψ2 = PRψ
C from above, we have

Ψ̄1 = (PRψC) ,

(a)
= (PRψ

C)TC ,

(b)
=

1

2
[(1+ γ∗)ψ

C ]TC ,

=
1

2
(ψC)TC +

1

2
(ψC)T (γ∗)

TC ,

(c)
=

1

2
(ψC)TC +

1

2
(ψC)TCγ∗ ,

= (ψC)TC
1

2
(1+ γ∗) ,

(d)
= (ψC)

1

2
(1+ γ∗) ,

= PR(ψC) .

The step (a) uses the definition (5).

The step (b) uses the definition (10).

The step (c) uses the property (γ∗)
TC = Cγ∗ coming from (3).

The step (d) uses the definition (5).

C.2 Consistency of the local supersymmetry transformation (29)

Let’s prove the expression for δΨ2
µ by taking into account (13) and the fact that M ij

1 is block

off-diagonal. We have δΨ1
µ = Dµε

1+k4
√
ΛM1h

1 γµε
h = ∂µε

1+ 1
4ωµabγ

abε1+k4
√
ΛM12

1 γµε
2. Hence

δΨ2
µ = (δΨ1

µ)
C ,

= (∂µε
1 +

1

4
ωµabγ

abε1 + k4
√
ΛM12

1 γµε
2)C ,

(a)
= B(∂µε

1 +
1

4
ωµabγ

abε1 + k4
√
ΛM12

1 γµε
2)∗ ,

= B(∂µε
1)∗ +

1

4
B(ωµabγ

abε1)∗ +B(k4
√
ΛM12

1 γµε
2)∗ ,

= B∂µ(ε
1)∗ +

1

4
Bωµab(γ

ab)∗(ε1)∗ +Bk4
√
Λ(M12

1 )∗(γµ)
∗(ε2)∗ ,

= ∂µ[B(ε1)∗] +
1

4
ωµabB(γab)∗B−1B(ε1)∗ + k4

√
Λ(M12

1 )∗B(γµ)
∗B−1B(ε2)∗ ,

(b)
= ∂µ[B(ε1)∗] +

1

4
ωµabγ

abB(ε1)∗ + k4
√
Λ(M12

1 )∗γµB(ε2)∗ ,

(c)
= ∂µ(ε

1)C +
1

4
ωµabγ

ab(ε1)C + k4
√
Λ(M12

1 )∗γµ(ε
2)C ,

(d)
= ∂µε

2 +
1

4
ωµabγ

abε2 + k4
√
Λ(M12

1 )∗γµε
1 ,

(e)
= ∂µε

2 +
1

4
ωµabγ

abε2 + k4
√
ΛM21

1 γµε
1 ,

= Dµε
2 + k4

√
ΛM2h

1 γµε
h .
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The step (a) uses the definition (2) with B = iγ0C†.

The step (b) uses the property24 BN∗B−1 = N where N is any matrix obtained from products of
γm and iγ∗.

The step (c) uses the definition (2) with B = iγ0C†.

The step (d) uses (17) or (20).

The step (e) uses (19).

The verification of the expressions for δΨ̄1
µ and δΨ̄2

µ is let to the reader. These expressions

follow directly from the definition (5) and the properties (γab)TC = −Cγab , (γµ)
TC = −Cγµ

coming from (3).

D Detailed calculations

The calculations are cumbersome but not complicated. They require to master Levi-Civita transfor-
mations, spinor-ansatz flips, partial integration, supersymmetry transformations and spinor-ansatz
reorderings.

Levi-Civita transformations simplify the calculations since they are in most cases easier to
perform on expressions that are based on the totally antisymmetric Levi-Civita symbol ϵµνρσ ≡
e ϵmnrseµmeνne

ρ
reσs ⇒ ϵµνρσ = e−1ϵmnrse

m
µ e

n
νe

r
ρe

s
σ with ϵ0123 = +1 = −ϵ0123 and e = det emµ . To do so,

the following relations are needed

e1 = − i

24
ϵµνρσγ∗γµνρσ ⇐⇒ iγ∗ =

1

24
ϵmnrsγ

mnrs ,

eγµ =
i

6
ϵµνρσγ∗γνρσ ⇐⇒ iγ∗γm = −1

6
ϵmnrsγ

nrs ,

eγµν =
i

2
ϵµνρσγ∗γρσ ⇐⇒ iγ∗γmn = −1

2
ϵmnrsγ

rs ,

eγµνρ = −iϵµνρσγ∗γσ ⇐⇒ iγ∗γmnr = ϵmnrsγ
s ,

eγµνρσ = −iϵµνρσγ∗ ⇐⇒ iγ∗γmnrs = ϵmnrs1 ,

where 1 is the identity matrix in the spinor space.

Spinor-ansatz flips are performed by taking the transpose of spinor-ansatz bilinears, by
taking into account the properties (3) and by incorporating a minus sign obtained by changing
the order of the spinor components that are anti-commuting Grassmann variables. Let’s give an
example:

(Ψ̄i
ργ∗γnΨ

j
σ) = (Ψ̄i

ργ∗γnΨ
j
σ)

T ,

(a)
= [(Ψi

ρ)
TCγ∗γnΨ

j
σ]

T ,

(b)
= −[(Ψj

σ)
T (γn)

T (γ∗)
TCTΨi

µ] ,

(c)
= −[(Ψj

σ)
T (γn)

TCTγ∗Ψ
i
µ] ,

(d)
= −[(Ψj

σ)
TCγnγ∗Ψ

i
µ] ,

24See Appendix B for further details.
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(e)
= [(Ψj

σ)
TCγ∗γnΨ

i
µ] ,

(f)
= (Ψ̄j

σγ∗γnΨ
i
ρ) .

The step (a) uses the definition (5).

The step (b) incorporates a minus sign obtained by changing the order of the spinor component
that are anti-commuting Grassmann variables

The step (c) uses the property (γ∗)
TCT = CTγ∗ coming from (3).

The step (d) uses the property (γn)
TCT = CTγn coming from (3).

The step (e) uses the relation γnγ∗ = −γ∗γn.
The step (f) uses the definition (5).

Partial integration is the cornerstone of the least action principle. It is performed on the
local Lorentz derivative Dµ by taking into account that the local Lorentz derivative of a scalar is

its partial derivative and that the local Lorentz derivative acts distributively: ∂µ(S
ij
2 Ψ̄i

νγ
νρΨj

ρ) =

Dµ(S
ij
2 Ψ̄i

νγ
νρΨj

ρ) = Sij
2 DµΨ̄

i
νγ

νρΨj
ρ + Sij

2 Ψ̄i
νDµγ

νρΨj
ρ + Sij

2 Ψ̄i
νγ

νρDµΨ
j
ρ. Moreover, since ϵmnrs,

ϵµνρσ are numbers25, one has Dµϵmnrs = 0 and Dµϵ
νρσα = 0. Finally, since Dµγ

m = 0 and
Dµγ∗ = 0 from (14)-(15), one has Dµγ

ν = γmDµe
ν
m and Dµ(γ∗γ

ν) = γ∗γ
mDµe

ν
m.

Supersymmetry transformations are performed by applying (28)-(29) when needed in the
course of the calculations.

Spinor-ansatz reorderings allow the interchange of spinor-ansatzes between two spinor-
ansatz bilinears. They are performed using the fundamental Fierz rearrangement identity

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4) ,

where χ1, χ2, χ3, and χ4 are any four spinors.

These five operations are respectively indicated by L, F , P , S, R placed above the equal sign
in the course of the calculations.

The calculations also require specific relations coming from the algebra of γ-matrices that
follow from their defining relation γmγn + γnγm = 2ηmn

1. These relations are specified when
needed in the course of the calculations.

Finally, changes of indices are performed throughout the calculations on Lorentz (latin)
indices, spacetime (greek) indices and matrix indices. These changes of indices are allowed since
the calculations are performed on expressions with contracted indices.

25See Sec. 7.5 of [4].
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D.1 Derivation with respect to the spin connection ωµ
mn

From (22) we have

δωSEH = +k1 δω

∫
dx4 e eµme

ν
nRµν

mn ,

(a)
= +

k1
2
δω

∫
dx4 e (eµme

ν
n − eµne

ν
m)Rµν

mn ,

(b)
= −k1

4
δω

∫
dx4ϵµνρσϵmnrsRµν

mnerρe
s
σ ,

(c)
= −k1

4
δω

∫
dx4ϵµνρσϵmnrs(∂µων

mn − ∂νωµ
mn + ωµ

m
k ων

kn − ων
m

k ωµ
kn)erρe

s
σ ,

= −k1
2
δω

∫
dx4ϵµνρσϵmnrs(∂µων

mn + ωµ
m

k ων
kn)erρe

s
σ ,

= −k1
2

∫
dx4ϵµνρσϵmnrs (∂µ δων

mn + ωµ
m

k δων
kn + ωµ

n
k δων

mk)erρe
s
σ ,

(d)
= −k1

2

∫
dx4ϵµνρσϵmnrsDµ δων

mnerρe
s
σ ,

P
= +

k1
2

∫
dx4ϵµνρσϵmnrs δων

mnDµe
r
ρe

s
σ +

k1
2

∫
dx4ϵµνρσϵmnrs δων

mnerρDµe
s
σ ,

= +k1

∫
dx4 ϵµνρσϵmnrs δωµ

mnerν Dρe
s
σ .

The step (a) uses the property Rµν
mn = −Rµν

nm of (26).

The step (b) uses the relation e (eµmeνn − eµneνm) = −1
2ϵ

µνρσϵmnrse
r
ρe

s
σ.

The step (c) uses (26).

The step (d) uses the definition of the local Lorentz derivative of the tensor26 δων
mn given by

Dµδων
mn ≡ ∂µ δων

mn + ωµ
m

k δων
kn + ωµ

n
k δων

mk.

From (24) we have

δωSRS = −k2 δω
∫
dx4 eSij

1 (Ψ̄i
µγ

µνρDνΨ
j
ρ) ,

L
= +ik2 δω

∫
dx4ϵµνρσSij

1 (Ψ̄i
µγ∗γσDνΨ

j
ρ) ,

(a)
= +ik2 δω

∫
dx4ϵµνρσSij

1 [Ψ̄i
µγ∗γσ(∂νΨ

j
ρ +

1

4
ωνmnγ

mnΨj
ρ)] ,

= +
ik2
4

∫
dx4ϵµνρσ δωνmnS

ij
1 (Ψ̄i

µγ∗γσγ
mnΨj

ρ) ,

C
= − ik2

4

∫
dx4ϵµνρσ δωµ

mnSij
1 (Ψ̄i

ργ∗γνγmnΨ
j
σ) ,

(b)
= − ik2

4

∫
dx4ϵµνρσ δωµ

mnSij
1 (Ψ̄i

ργ∗γνmnΨ
j
σ)−

ik2
2

∫
(((((((((((((((((

dx4 δωµ
mnemν ϵ

µνρσSij
1 (Ψ̄i

ργ∗γnΨ
j
σ) ,

LC
= −k2

4

∫
dx4 ϵµνρσϵmnrs δωµ

mnerν S
ij
1 (Ψ̄i

ργ
sΨj

σ) .

The step (a) uses (27).

26Note that δων
mn is a tensor despite the fact that ων

mn is not.
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The step (b) uses the relation γνγmn = γνmn + emνγn − enνγm.

The expression ϵµνρσSij
1 (Ψ̄i

ργ∗γnΨ
j
σ) vanishes in (b) since Sij

1 (Ψ̄i
ργ∗γnΨ

j
σ)

F
= Sij

1 (Ψ̄j
σγ∗γnΨ

i
ρ) =

Sij
1 (Ψ̄i

σγ∗γnΨ
j
ρ) is symmetric in ρσ, which clashes with the total antisymmetry of ϵµνρσ.

D.2 Derivation with respect to the graviton emµ

From (22) we have

δeSEH = +k1δe

∫
dx4 e eµme

ν
nRµν

mn ,

(a)
= +

k1
2
δe

∫
dx4 e (eµme

ν
n − eµne

ν
m)Rµν

mn ,

(b)
= −k1

4
δe

∫
dx4ϵµνρσϵmnrsRµν

mnerρe
s
σ ,

= −k1
4

∫
dx4ϵµνρσϵmnrsRµν

mn δerρe
s
σ − k1

4

∫
dx4ϵµνρσϵmnrsRµν

mnerρ δe
s
σ ,

(c)
= −k1

2

∫
dx4ϵµνρσϵmnrsRµν

mnerρ δe
s
σ ,

S
= −k1k3

2

∫
dx4 ϵµνρσϵmnrsRµν

mnerρ S
ij
1 (ε̄i γsΨj

σ) .

The step (a) uses the properties Rµν
mn = −Rνµ

mn and Rµν
mn = −Rµν

nm of (26).

The step (b) uses the relation e (eµmeνn − eµneνm) = −1
2ϵ

µνρσϵmnrse
r
ρe

s
σ.

Note that the step (c) can also be expressed in the usual form −1
2

∫
dx4 e (eνnRµν

mn − 1
2e

m
µ R) δe

m
µ

of general relativity by using the relation ϵµνρσϵmnrse
s
σ = −e(eµmeνne

ρ
r − eµneνme

ρ
r + eµr eνme

ρ
n − eµr eνne

ρ
m

+ eµneνre
ρ
m − eµmeνre

ρ
n).

From (23) we have

δeSΛ = ±2k1 δe

∫
dx4 e ,

= ±2k1

∫
dx4 δe ,

S
= ±2k1k3

∫
dx4 eSij

1 (ε̄i γµΨj
µ) .

From (24) we have

δeSRS = −k2 δe
∫
dx4 eSij

1 (Ψ̄i
µγ

µνρDνΨ
j
ρ) ,

L
= +ik2 δe

∫
dx4ϵµνρσSij

1 (Ψ̄i
µγ∗γνDρΨ

j
σ) ,

= +ik2 δe

∫
dx4ϵµνρσSij

1 (Ψ̄i
µγ∗γmDρΨ

j
σ) e

m
ν ,

= −ik2
∫
dx4ϵµνρσSij

1 (Ψ̄i
νγ∗γmDρΨ

j
σ) δe

m
µ ,

S
= −ik2k3

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
1 (Ψ̄k

νγ∗γ
mDρΨ

l
σ) .
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From (25) we have

δeSgΛ = +2k2k4
√
Λ δe

∫
dx4 eSij

2 (Ψ̄i
µγ

µνΨj
ν) ,

L
= +ik2k4

√
Λ δe

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γρσΨ

j
ν) ,

= +ik2k4
√
Λ δe

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γmnΨ

j
ν)e

m
ρ e

n
σ ,

= +ik2k4
√
Λ

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γmnΨ

j
ν)δe

m
ρ e

n
σ + ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γmnΨ

j
ν)e

m
ρ δe

n
σ ,

= +2ik2k4
√
Λ

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γmnΨ

j
ν)e

m
ρ δe

n
σ ,

S
= −2ik2k3k4

√
Λ

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
2 (Ψ̄k

νγ∗γmρΨ
l
σ) ,

(a)
= −2ik2k3k4

√
Λ

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
2 (Ψ̄k

νγ∗γ
mγρΨ

l
σ)

+2ik2k3k4
√
Λ

∫
(((((((((((((((((

dx4ϵµνρσSij
1 (ε̄iγµΨ

j
ν)S

kl
2 (Ψ̄k

ργ∗Ψ
l
σ) ,

(a)
= −2ik2k3k4

√
Λ

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
2 (Ψ̄k

νγ∗γ
mγρΨ

l
σ) .

The step (a) uses the relation γmρ = γmγρ − emρ.

D.3 Derivation with respect to the gravitino Ψi
µ

From (24) we have

δΨSRS = −k2 δΨ
∫
dx4 eSij

1 (Ψ̄i
µγ

µνρDνΨ
j
ρ) ,

L
= +ik2 δΨ

∫
dx4ϵµνρσSij

1 (Ψ̄i
µγ∗γνDρΨ

j
σ) ,

= +ik2

∫
dx4ϵµνρσSij

1 (δΨ̄i
µγ∗γνDρΨ

j
σ) + ik2

∫
dx4ϵµνρσSij

1 (Ψ̄i
µγ∗γνDρδΨ

j
σ) ,

P
= +ik2

∫
dx4ϵµνρσSij

1 (δΨ̄i
µγ∗γνDρΨ

j
σ)− ik2

∫
dx4ϵµνρσSij

1 (DµΨ̄
i
νγ∗γρδΨ

j
σ)

+ik2

∫
dx4ϵµνρσSij

1 (Ψ̄i
µγ∗DνγρδΨ

j
σ) ,

F (a)
= +2ik2

∫
dx4ϵµνρσSij

1 (δΨ̄i
µγ∗γνDρΨ

j
σ)− ik2

∫
dx4ϵµνρσSij

1 (δΨ̄i
µγ∗DνγρΨ

j
σ) ,

S
= +2ik2

∫
dx4ϵµνρσSij

1 ([Dµε̄
i − k4

√
ΛM ih

1 ε̄hγµ]γ∗γνDρΨ
j
σ)

−ik2
∫
dx4ϵµνρσSij

1 ([Dµε̄
i − k4

√
ΛM ih

1 ε̄hγµ]γ∗DνγρΨ
j
σ) ,

(b)
= +2ik2

∫
dx4ϵµνρσSij

1 (Dµε̄
iγ∗γνDρΨ

j
σ) + 2ik2k4

√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµγνDρΨ

j
σ)

−ik2
∫
dx4ϵµνρσSij

1 (Dµε̄
iγ∗DνγρΨ

j
σ)− ik2k4

√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµDνγρΨ

j
σ) ,
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P
= −2ik2

∫ a︷ ︸︸ ︷
dx4ϵµνρσSij

1 (ε̄iγ∗DµγνDρΨ
j
σ)+2ik2

∫
dx4ϵµνρσSij

1 (ε̄iγ∗γµDνDρΨ
j
σ)

+2ik2k4
√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµγνDρΨ

j
σ) + ik2

∫
dx4ϵµνρσSij

1 (ε̄iγ∗DµDνγρΨ
j
σ)

+ik2

∫ a︷ ︸︸ ︷
dx4ϵµνρσSij

1 (ε̄iγ∗DµγνDρΨ
j
σ)−ik2k4

√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµDνγρΨ

j
σ) ,

(c)
= +

ik2
4

∫
dx4ϵµνρσRµν

mnerρ S
ij
1 (ε̄iγ∗γmnrΨ

j
σ)− ik2

∫
dx4ϵµνρσSij

1 (ε̄iγ∗DµγνDρΨ
j
σ)

+2ik2k4
√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµνDρΨ

j
σ) + 2ik2k4

√
Λ

∫
((((((((((((((((

dx4ϵµνρσSjh
1 Mhi

1 (ε̄iγ∗ηµνDρΨ
j
σ)

−ik2k4
√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµDνγρΨ

j
σ) ,

L
= +

k2
4

∫
dx4 ϵµνρσϵmnrsRµν

mnerρ S
ij
1 (ε̄i γsΨj

σ)− ik2

∫
dx4ϵµνρσSij

1 (ε̄iγ∗DµγνDρΨ
j
σ)

+4k2k4
√
Λ

∫
dx4 eSjh

1 Mhi
1 (ε̄iγµνDµΨ

j
ν)− ik2k4

√
Λ

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµDνγρΨ

j
σ) ,

(d)
= +

k2
4

∫
dx4ϵµνρσϵmnrsRµν

mnerρ S
ij
1 (ε̄iγsΨj

σ) + 4k2k4
√
Λ

∫
dx4 eSjh

1 Mhi
1 (ε̄iγµνDµΨ

j
ν)

− i(k2)
2

4k1

∫
dx4ϵµνρσSij

1 (ε̄iγ∗γmDµΨ
j
ν)S

kl
1 (Ψ̄k

ργ
mΨl

σ)

− i(k2)
2k4

√
Λ

4k1

∫
dx4ϵµνρσSjh

1 Mhi
1 (ε̄iγ∗γµγmΨj

ν)S
kl
1 (Ψ̄k

ργ
mΨl

σ) .

The step (a) justifies the presupposed symmetries ST
1 = S1.

The step (b) uses the relations γµγ∗ = −γ∗γµ and γµγ
αβγ∗ = −γ∗γµγαβ.

The step (c) uses the results27 [Dµ, Dν ]Ψ
i
ρ = 1

4Rµν
mnγmnΨ

i
ρ and [Dµ, Dν ]γρ = Rµν

mnγm enρ. There-

fore one can see that i
∫
dx4ϵµνρσ(ε̄iγ∗γνDνDρΨ

i
σ) +

i
2

∫
dx4ϵµνρσ(ε̄iγ∗DµDνγρΨ

i
σ) =

i
8

∫
dx4ϵµνρσRµν

mn(ε̄iγ∗γργmnΨ
i
σ)+

i
4

∫
dx4ϵµνρσRµν

mn(ε̄iγ∗γmΨi
σ)enρ = i

8

∫
dx4ϵµνρσRµν

mnerρ(ε̄
iγ∗γmnrΨ

i
σ)

with the relation γrγmn − emrγn + enrγm = γrmn.

The step (c) also uses the relation γµγν = γµν + ηµν .

The expression ϵµνρσSjh
1 Mhi

1 (ε̄iγ∗ηµνDρΨ
j
σ) vanishes in (c) since ηµν is symmetric in µν, which

clashes with the total antisymmetry of ϵµνρσ.

The step (d) uses the result D[ρe
m
σ] =

k2
4k1

Sij
1 (Ψ̄i

ργ
mΨj

σ).

From (25) we have

δΨSgΛ = +2k2k4
√
Λ δΨ

∫
dx4 eSij

2 (Ψ̄i
µγ

µνΨj
ν)) ,

L
= +ik2k4

√
Λ δΨ

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γνρΨ

j
σ) ,

= +ik2k4
√
Λ

∫
dx4ϵµνρσSij

2 (δΨ̄i
µγ∗γνρΨ

j
σ) + ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (Ψ̄i
µγ∗γνρδΨ

j
σ) ,

F
= +2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (δΨ̄i
µγ∗γνρΨ

j
σ) ,

27These are calculated in Appendix E.1.
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S
= +2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 ([Dµε̄
i − k4

√
ΛM ih

1 ε̄hγµ]γ∗γνρΨ
j
σ) ,

= +2ik2k4
√
Λ

∫
dx4ϵµνρσSij

2 (Dµε̄
iγ∗γνρΨ

j
σ)− 2ik2(k4)

2Λ

∫
dx4ϵµνρσSjh

2 Mhi
1 (ε̄iγµγ∗γνρΨ

j
σ) ,

P
= −2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (ε̄iγ∗DµγνρΨ
j
σ)− 2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (ε̄iγ∗γµνDρΨ
j
σ)

−2ik2(k4)
2Λ

∫
dx4ϵµνρσSjh

2 Mhi
1 (ε̄iγµγ∗γνρΨ

j
σ) ,

L
= −2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (ε̄iγ∗DµγνρΨ
j
σ)− 4k2k4

√
Λ

∫
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)

−4k2(k4)
2Λ

∫
dx4 eSjh

2 Mhi
1 (ε̄iγµγ

µνΨj
ν) ,

(a)
= −2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (ε̄iγ∗DµγνρΨ
j
σ)− 4k2k4

√
Λ

∫
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)

−12k2(k4)
2Λ

∫
dx4 eSjh

2 Mhi
1 (ε̄iγµΨj

µ) ,

(b)
= −2ik2k4

√
Λ

∫
dx4ϵµνρσSij

2 (ε̄iγ∗γmnΨ
j
σ)(Dµe

m
ν e

n
ρ + emν Dµe

n
ρ )− 4k2k4

√
Λ

∫
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)

−12k2(k4)
2Λ

∫
dx4 eSjh

2 Mhi
1 (ε̄iγµΨj

µ) ,

= +4ik2k4
√
Λ

∫
dx4ϵµνρσSij

2 (ε̄iγ∗γµmΨj
ν)Dρe

m
σ − 4k2k4

√
Λ

∫
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)

−12k2(k4)
2Λ

∫
dx4 eSjh

2 Mhi
1 (ε̄iγµΨj

µ) ,

(c)
= +

i(k2)
2k4

√
Λ

k1

∫
dx4ϵµνρσSij

2 (ε̄iγ∗γµmΨj
ν)S

kl
1 (Ψ̄k

ργ
mΨl

σ)− 4k2k4
√
Λ

∫
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)

−12k2(k4)
2Λ

∫
dx4 eSjh

2 Mhi
1 (ε̄iγµΨj

µ) ,

(d)L
= −4k2k4

√
Λ

∫
dx4 eSij

2 (ε̄iγµνDµΨ
j
ν)− 12k2(k4)

2Λ

∫
dx4 eSjh

2 Mhi
1 (ε̄iγµΨj

µ)

− i(k2)
2k4

√
Λ

k1

∫
dx4ϵµνρσSij

2 (ε̄iγ∗Ψ
j
µ)S

kl
1 (Ψ̄k

νγρΨ
l
σ)

+
i(k2)

2k4
√
Λ

k1

∫
dx4ϵµνρσSij

2 (ε̄iγ∗γµγmΨj
ν)S

kl
1 (Ψ̄k

ργ
mΨl

σ) .

The step (a) uses the relations γµγ
µν = 3γν and γµγ

αβγµν = −γναβ − gναγβ + gνβγα.

The step (b) uses the definitions γνρ = γmne
m
ν e

n
ρ .

The step (c) uses the result D[ρe
m
σ] =

k2
4k1

Sij
1 (Ψ̄i

ργ
mΨj

σ).

The step (d) uses the relation γµm = γµγm − emµ.

D.4 Proof of (40)

δeSRS −→ − i(k2)
2

2k1

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
1 (Ψ̄k

νγ∗γ
mDρΨ

l
σ) ,

δΨSRS −→ − i(k2)
2

4k1

∫
dx4ϵµνρσSij

1 (ε̄iγ∗γmDµΨ
j
ν)S

kl
1 (Ψ̄k

ργ
mΨl

σ) .
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0
?
= − i(k2)

2

2k1

∫ ︷ ︸︸ ︷
dx4ϵµνρσSij

1 Skl
1 (ε̄iγmΨj

µ)(Ψ̄
k
νγ∗γ

mDρΨ
l
σ)

− i(k2)
2

4k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iγ∗γmDµΨ

j
ν)(Ψ̄

k
ργ

mΨl
σ)

R(a)
= − i(k2)

2

2k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) +

i(k2)
2

2k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

+
i(k2)

2

4k1

∫ ︷ ︸︸ ︷
dx4ϵµνρσSij

1 Skl
1 (ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)

+
i(k2)

2

4k1

∫ ︷ ︸︸ ︷
dx4ϵµνρσSij

1 Skl
1 (ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ)

− i(k2)
2

4k1

∫ ︷ ︸︸ ︷
dx4ϵµνρσSij

1 Skl
1 (ε̄iγ∗γmDµΨ

j
ν)(Ψ̄

k
ργ

mΨl
σ) ,

(b)
= − i(k2)

2

2k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) +

i(k2)
2

2k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

− i(k2)
2

4k1

︷ ︸︸ ︷∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sil

1S
jk
1 )(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)

+
i(k2)

2

4k1

︷ ︸︸ ︷∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sil

1S
jk
1 )(ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ) ,

R(c)
= − i(k2)

2

2k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) +

i(k2)
2

2k1

∫
dx4ϵµνρσSij

1 Skl
1 (ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

− i(k2)
2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sil

1S
jk
1 )(ε̄iΨj

µ)(Ψ̄
k
νγ∗DρΨ

l
σ)

+
i(k2)

2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sil

1S
jk
1 )(ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νDρΨ

l
σ) ,

(d)
= − i(k2)

2

2k1

∫ c︷ ︸︸ ︷
dx4ϵµνρσSil

1S
jk
1 (ε̄iDµΨ

j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)+2

∫ d︷ ︸︸ ︷
dx4ϵµνρσSil

1S
jk
1 (ε̄iγ∗DµΨ

j
ν)(Ψ̄

k
ρΨ

l
σ)

− i(k2)
2

2k1

∫ a︷ ︸︸ ︷
dx4ϵµνρσ(Sik

1 Sjl
1 − Sil

1S
jk
1 )(ε̄iΨj

µ)(Ψ̄
k
νγ∗DρΨ

l
σ)

+
i(k2)

2

2k1

∫ b︷ ︸︸ ︷
dx4ϵµνρσ(Sik

1 Sjl
1 − Sil

1S
jk
1 )(ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νDρΨ

l
σ) ,

= − i(k2)
2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iΨj
µ)(Ψ̄

k
νγ∗DρΨ

l
σ)

+
i(k2)

2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iγ∗Ψ
j
µ)(Ψ̄

k
νDρΨ

l
σ)

− i(k2)
2

2k1

∫
dx4ϵµνρσSil

1S
jk
1 (ε̄iDµΨ

j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)

+
i(k2)

2

2k1

∫
dx4ϵµνρσSil

1S
jk
1 (ε̄iγ∗DµΨ

j
ν)(Ψ̄

k
ρΨ

l
σ) ,

(d)
= − i(k2)

2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iΨj
µ)(Ψ̄

k
νγ∗DρΨ

l
σ)
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+
i(k2)

2

2k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iγ∗Ψ
j
µ)(Ψ̄

k
νDρΨ

l
σ)

+
i(k2)

2

4k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iDµΨ
j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)

− i(k2)
2

4k1

∫
dx4ϵµνρσ(Sik

1 Sjl
1 − Sjk

1 Sil
1 )(ε̄

iγ∗DµΨ
j
ν)(Ψ̄

k
ρΨ

l
σ) .

The step (a) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγmΨj
µ)(Ψ̄k

νγ∗γ
mDρΨ

l
σ) =

ϵµνρσ(ε̄iDµΨ
l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)− 1

2ϵ
µνρσ(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)

− 1
2ϵ

µνρσ(ε̄iγ∗γmDµΨ
l
ν)(Ψ̄

k
ργ

mΨj
σ) obtained below.

The step (b) uses the spinor-ansatz flips ϵµνρσ(Ψ̄k
ργ∗γ

mΨj
σ) = −ϵµνρσ(Ψ̄k

ργ∗γ
mΨj

σ) and ϵµνρσ(Ψ̄k
ργ

mΨj
σ) =

ϵµνρσ(Ψ̄k
ργ

mΨj
σ).

The step (c) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγmDµΨ
l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)

− ϵµνρσ(ε̄iγ∗γmDµΨ
l
ν)(Ψ̄

k
ργ

mΨj
σ) = 2ϵµνρσ(ε̄iΨj

µ)(Ψ̄k
νγ∗DρΨ

l
σ)

− 2ϵµνρσ(ε̄iγ∗Ψ
j
µ)(Ψ̄k

νDρΨ
l
σ) obtained below.

The step (d) uses the spinor-ansatz flips ϵµνρσ(Ψ̄k
ργ∗Ψ

l
σ) = −ϵµνρσ(Ψ̄l

ργ∗Ψ
k
σ) and ϵµνρσ(Ψ̄k

ρΨ
l
σ) =

−ϵµνρσ(Ψ̄l
ρΨ

k
σ).

Fierz rearrangement 1

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
νγ∗γ

m , χ2 = DρΨ
l
σ , χ̄3 = ε̄i , χ4 = γmΨj

µ

ϵµνρσ(Ψ̄k
νγ∗γ

mDρΨ
l
σ)(ε̄

iγmΨj
µ) = −1

4
ϵµνρσ(ε̄iDρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγmΨj
µ)−

1

4
ϵµνρσ(ε̄iγ∗DρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγ∗γmΨj
µ)

−1

4
ϵµνρσ(ε̄iγaDρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγaγmΨj
µ)

+
1

4
ϵµνρσ(ε̄iγ∗γaDρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγ∗γ
aγmΨj

µ)

+
1

8
ϵµνρσ(ε̄iγabDρΨ

l
σ)((((((((((
(Ψ̄k

νγ∗γ
mγabγmΨj

µ) ,

= +ϵµνρσ(ε̄iDµΨ
l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

−1

2
ϵµνρσ(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ) ,

(1) ϵµνρσ(ε̄iγmΨj
µ)(Ψ̄k

νγ∗γ
mDρΨ

l
σ) = ϵµνρσ(ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

− 1
2ϵ

µνρσ(ε̄iγmDµΨ
l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ).

Fierz rearrangement 2a

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)
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−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
νγ∗ , χ2 = DρΨ

l
σ , χ̄3 = ε̄i , χ4 = Ψj

µ

ϵµνρσ(Ψ̄k
νγ∗DρΨ

l
σ)(ε̄

iΨj
µ) = −1

4
ϵµνρσ(ε̄iDρΨ

l
σ)(Ψ̄

k
νγ∗Ψ

j
µ)−

1

4
ϵµνρσ(ε̄iγ∗DρΨ

l
σ)(Ψ̄

k
νγ∗γ∗Ψ

j
µ)

−1

4
ϵµνρσ(ε̄iγaDρΨ

l
σ)(Ψ̄

k
νγ∗γ

aΨj
µ) +

1

4
ϵµνρσ(ε̄iγ∗γaDρΨ

l
σ)(Ψ̄

k
νγ∗γ∗γ

aΨj
µ)

+
1

8
ϵµνρσ(ε̄iγabDρΨ

l
σ)(Ψ̄

k
νγ∗γ

abΨj
µ)

= +
1

4
ϵµνρσ(ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) +

1

4
ϵµνρσ(ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

+
1

4
ϵµνρσ(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)−

1

4
ϵµνρσ(ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ)

−1

8
ϵµνρσ(ε̄iγmnDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mnΨj
σ) ,

(2a) ϵµνρσ(ε̄iΨj
µ)(Ψ̄k

νγ∗DρΨ
l
σ) = +1

4ϵ
µνρσ(ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)

+ 1
4ϵ

µνρσ(ε̄iγ∗DµΨ
l
ν)(Ψ̄

k
ρΨ

j
σ) +

1
4ϵ

µνρσ(ε̄iγmDµΨ
l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)

− 1
4ϵ

µνρσ(ε̄iγ∗γmDµΨ
l
ν)(Ψ̄

k
ργ

mΨj
σ)− 1

8ϵ
µνρσ(ε̄iγmnDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mnΨj
σ)

Fierz rearrangement 2b

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
ν , χ2 = DρΨ

l
σ , χ̄3 = ε̄i , χ4 = γ∗Ψ

j
µ

ϵµνρσ(Ψ̄k
νDρΨ

l
σ)(ε̄

iγ∗Ψ
j
µ) = −1

4
ϵµνρσ(ε̄iDρΨ

l
σ)(Ψ̄

k
νγ∗Ψ

j
µ)−

1

4
ϵµνρσ(ε̄iγ∗DρΨ

l
σ)(Ψ̄

k
νγ∗γ∗Ψ

j
µ)

−1

4
ϵµνρσ(ε̄iγaDρΨ

l
σ)(Ψ̄

k
νγ

aγ∗Ψ
j
µ) +

1

4
ϵµνρσ(ε̄iγ∗γaDρΨ

l
σ)(Ψ̄

k
νγ∗γ

aγ∗Ψ
j
µ)

+
1

8
ϵµνρσ(ε̄iγabDρΨ

l
σ)(Ψ̄

k
νγ

abγ∗Ψ
j
µ) ,

= +
1

4
ϵµνρσ(ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) +

1

4
ϵµνρσ(ε̄iγ∗DµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

−1

4
ϵµνρσ(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ) +

1

4
ϵµνρσ(ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ)

−1

8
ϵµνρσ(ε̄iγmnDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mnΨj
σ) ,

(2b) ϵµνρσ(ε̄iγ∗Ψ
j
µ)(Ψ̄k

νDρΨ
l
σ) = +1

4ϵ
µνρσ(ε̄iDµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)

+ 1
4ϵ

µνρσ(ε̄iγ∗DµΨ
l
ν)(Ψ̄

k
ρΨ

j
σ)− 1

4ϵ
µνρσ(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)

+ 1
4ϵ

µνρσ(ε̄iγ∗γmDµΨ
l
ν)(Ψ̄

k
ργ

mΨj
σ)− 1

8ϵ
µνρσ(ε̄iγmnDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mnΨj
σ).
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(2a) - (2b) ϵµνρσ(ε̄iΨj
µ)(Ψ̄k

νγ∗DρΨ
l
σ)−ϵµνρσ(ε̄iγ∗Ψ

j
µ)(Ψ̄k

νDρΨ
l
σ) = +1

2ϵ
µνρσ(ε̄iγmDµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)−

1
2ϵ

µνρσ(ε̄iγ∗γmDµΨ
l
ν)(Ψ̄

k
ργ

mΨj
σ)

⇒ (2) ϵµνρσ(ε̄iγmDµΨ
l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)−ϵµνρσ(ε̄iγ∗γmDµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ) = 2ϵµνρσ(ε̄iΨj

µ)(Ψ̄k
νγ∗DρΨ

l
σ)−

2ϵµνρσ(ε̄iγ∗Ψ
j
µ)(Ψ̄k

νDρΨ
l
σ).

D.5 Proof of (41)

δeSgΛ −→ − i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 (ε̄iγmΨj
µ)S

kl
2 (Ψ̄k

νγ∗γ
mγρΨ

l
σ) ,

δΨSRS −→ − i(k2)
2
√
Λ

8k1
√
3

∫ a︷ ︸︸ ︷
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµγmΨj

ν)(Ψ̄
k
ργ

mΨl
σ) ,

δΨSgΛ −→ − i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ)

+
i(k2)

2
√
Λ

2k1
√
3

∫ a︷ ︸︸ ︷
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµγmΨj

ν)(Ψ̄
k
ργ

mΨl
σ) .

0
?
= − i(k2)

2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγmΨj

µ)(Ψ̄
k
νγ∗γ

mγρΨ
l
σ)

+
3i(k2)

2
√
Λ

8k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµγmΨj

ν)(Ψ̄
k
ργ

mΨl
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ) ,

(a)
= +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ) +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

+
3i(k2)

2
√
Λ

8k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµγmΨj

ν)(Ψ̄
k
ργ

mΨl
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ) ,

(b)
= +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ) +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

−3i(k2)
2
√
Λ

8k1
√
3

∫
((((((((((((((((((((

dx4ϵµνρσSij
2 Skl

1 (Ψ̄k
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨj
ν)

−3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ) ,
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(c)
= +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ) +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

−3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

+
i(k2)

2
√
Λ

2k1
√
3

∫
(((((((((((((((((

dx4ϵµνρσSij
2 Skl

1 (Ψ̄k
νγ∗γρΨ

l
σ)(ε̄

iΨj
µ) +

i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγmΨl

µ)(Ψ̄
j
νγ∗γ

mγρΨ
k
σ)

+
i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγ

mγρΨ
k
σ) ,

(d)
= +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ) +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

−3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

+
i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγµγmΨk

ν)(Ψ̄
j
ργ∗γ

mΨl
σ)

+
i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµγmΨk

ν)(Ψ̄
j
ργ

mΨl
σ) ,

(e)
= +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ) +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

1 Skl
2 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

−3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)−

3i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

+
i(k2)

2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ) +

i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσSij

2 Skl
1 (ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ) ,

= − i(k2)
2
√
Λ

2k1
√
3

∫ c︷ ︸︸ ︷
dx4ϵµνρσSil

1S
jk
2 (ε̄iγµΨ

j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)+

i(k2)
2
√
Λ

2k1
√
3

∫ d︷ ︸︸ ︷
dx4ϵµνρσSil

1S
jk
2 (ε̄iγ∗γµΨ

j
ν)(Ψ̄

k
ρΨ

l
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫ a︷ ︸︸ ︷
dx4ϵµνρσSik

1 Sjl
2 (ε̄

iΨj
µ)(Ψ̄

k
νγ∗γρΨ

l
σ)+

i(k2)
2
√
Λ

2k1
√
3

∫ b︷ ︸︸ ︷
dx4ϵµνρσSik

1 Sjl
2 (ε̄

iγ∗Ψ
j
µ)(Ψ̄

k
νγρΨ

l
σ)

+
3i(k2)

2
√
Λ

4k1
√
3

∫ c︷ ︸︸ ︷
dx4ϵµνρσSil

2S
jk
1 (ε̄iγµΨ

j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)+

3i(k2)
2
√
Λ

4k1
√
3

∫ d︷ ︸︸ ︷
dx4ϵµνρσSil

2S
jk
1 (ε̄iγ∗γµΨ

j
ν)(Ψ̄

k
ρΨ

l
σ)
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− i(k2)
2
√
Λ

2k1
√
3

∫ a︷ ︸︸ ︷
dx4ϵµνρσSik

2 Sjl
1 (ε̄

iΨj
µ)(Ψ̄

k
νγ∗γρΨ

l
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫ b︷ ︸︸ ︷
dx4ϵµνρσSik

2 Sjl
1 (ε̄

iγ∗Ψ
j
µ)(Ψ̄

k
νγρΨ

l
σ)

− i(k2)
2
√
Λ

2k1
√
3

∫ c︷ ︸︸ ︷
dx4ϵµνρσSil

2S
jk
1 (ε̄iγµΨ

j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)−

i(k2)
2
√
Λ

2k1
√
3

∫ d︷ ︸︸ ︷
dx4ϵµνρσSil

2S
jk
1 (ε̄iγ∗γµΨ

j
ν)(Ψ̄

k
ρΨ

l
σ) ,

= − i(k2)
2
√
Λ

2k1
√
3

∫
dx4ϵµνρσ(Sik

1 Sjl
2 + Sjl

1 S
ik
2 )(ε̄iΨj

µ)(Ψ̄
k
νγ∗γρΨ

l
σ)

+
i(k2)

2
√
Λ

2k1
√
3

∫
dx4ϵµνρσ(Sik

1 Sjl
2 − Sjl

1 S
ik
2 )(ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ)

− i(k2)
2
√
Λ

4k1
√
3

∫
dx4ϵµνρσ(2Sil

1S
jk
2 − Sjk

1 Sil
2 )(ε̄

iγµΨ
j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)

+
i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσ(2Sil

1S
jk
2 + Sjk

1 Sil
2 )(ε̄

iγ∗γµΨ
j
ν)(Ψ̄

k
ρΨ

l
σ) ,

(f)
= − i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσ(Sik

1 Sjl
2 − Sjk

1 Sil
2 − Sil

1S
jk
2 + Sjl

1 S
ik
2 )(ε̄iΨj

µ)(Ψ̄
k
νγ∗γρΨ

l
σ)

+
i(k2)

2
√
Λ

4k1
√
3

∫
dx4ϵµνρσ(Sik

1 Sjl
2 − Sjk

1 Sil
2 + Sil

1S
jk
2 − Sjl

1 S
ik
2 )(ε̄iγ∗Ψ

j
µ)(Ψ̄

k
νγρΨ

l
σ)

+
i(k2)

2
√
Λ

8k1
√
3

∫
dx4ϵµνρσ(2Sik

1 Sjl
2 − 2Sil

1S
jk
2 − Sjl

1 S
ik
2 + Sjk

1 Sil
2 )(ε̄

iγµΨ
j
ν)(Ψ̄

k
ργ∗Ψ

l
σ)

− i(k2)
2
√
Λ

8k1
√
3

∫
dx4ϵµνρσ(2Sik

1 Sjl
2 − 2Sil

1S
jk
2 + Sjl

1 S
ik
2 − Sjk

1 Sil
2 )(ε̄

iγ∗γµΨ
j
ν)(Ψ̄

k
ρΨ

l
σ) .

The step (a) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγmΨj
µ)(Ψ̄k

νγ∗γ
mγρΨ

l
σ) =

+ ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ) + ϵµνρσ(ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ)

− ϵµνρσ(ε̄iγ∗Ψ
k
µ)(Ψ̄

j
νγρΨ

l
σ) obtained below.

The step (b) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγ∗γµγmΨj
ν)(Ψ̄k

ργ
mΨl

σ) =

− ϵµνρσ(Ψ̄k
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨj
ν) + 2ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) + 2ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ) obtained

below.

The step (c) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγ∗Ψ
j
µ)(Ψ̄k

νγρΨ
l
σ) = −ϵµνρσ(Ψ̄k

νγ∗γρΨ
l
σ)(ε̄

iΨj
µ)

− 1
2ϵ

µνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγmγρΨ

k
σ) obtained below.

The step (d) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ)

+ ϵµνρσ(ε̄iγ∗γmΨl
µ)(Ψ̄

j
νγmγρΨ

k
σ) = −2ϵµνρσ(ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ)− 2ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

+ ϵµνρσ(ε̄iγµγmΨk
ν)(Ψ̄

j
ργ∗γ

mΨl
σ) + ϵµνρσ(ε̄iγ∗γµγmΨk

ν)(Ψ̄
j
ργmΨl

σ) obtained below.

The step (e) uses the spinor-ansatz reordering ϵµνρσ(ε̄iγµγmΨk
ν)(Ψ̄

j
ργ∗γ

mΨl
σ)

+ ϵµνρσ(ε̄iγ∗γµγmΨk
ν)(Ψ̄

j
ργmΨl

σ) = +2ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)+ 2ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨk

σ) obtained
below.

The step (f) uses the spinor-ansatz flips ϵµνρσ(Ψ̄k
νγ∗γρΨ

l
σ) = −ϵµνρσ(Ψ̄l

νγ∗γρΨ
k
σ) , ϵ

µνρσ(Ψ̄k
νγρΨ

l
σ) =

ϵµνρσ(Ψ̄l
νγρΨ

k
σ) , ϵµνρσ(Ψ̄k

ργ∗Ψ
l
σ) = −ϵµνρσ(Ψ̄l

ργ∗Ψ
k
σ) and ϵµνρσ(Ψ̄k

ρΨ
l
σ) = −ϵµνρσ(Ψ̄l

ρΨ
k
σ) obtained

below.
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Fierz rearrangement 1a

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
νγ∗γ

m , χ2 = γρΨ
l
σ , χ̄3 = ε̄i , χ4 = γmΨj

µ

ϵµνρσ(Ψ̄k
νγ∗γ

mγρΨ
l
σ)(ε̄

iγmΨj
µ) = −1

4
ϵµνρσ(ε̄iγρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγmΨj
µ)−

1

4
ϵµνρσ(ε̄iγ∗γρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγ∗γmΨj
µ)

−1

4
ϵµνρσ(ε̄iγaγρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγaγmΨj
µ)

+
1

4
ϵµνρσ(ε̄iγ∗γaγρΨ

l
σ)(Ψ̄

k
νγ∗γ

mγ∗γ
aγmΨj

µ)

+
1

8
ϵµνρσ(ε̄iγabγρΨ

l
σ)((((((((((
(Ψ̄k

νγ∗γ
mγabγmΨj

µ) ,

= +ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

−1

2
ϵµνρσ(ε̄iγmγµΨ

l
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmγµΨ

l
ν)(Ψ̄

k
ργ

mΨj
σ) ,

F
= +ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

+
1

2
ϵµνρσ(ε̄iγmγµΨ

l
ν)(Ψ̄

j
ργ∗γ

mΨk
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmγµΨ

l
ν)(Ψ̄

j
ργ

mΨk
σ) ,

(1a) ϵµνρσ(ε̄iγmΨj
µ)(Ψ̄k

νγ∗γ
mγρΨ

l
σ) = ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)− ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

+ 1
2ϵ

µνρσ(ε̄iγmγµΨ
l
ν)(Ψ̄

j
ργ∗γ

mΨk
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmγµΨ

l
ν)(Ψ̄

j
ργmΨk

σ).

Fierz rearrangement 1b

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄j
ργ∗γ

m , χ2 = Ψk
σ , χ̄3 = ε̄i , χ4 = γmγµΨ

l
ν

ϵµνρσ(Ψ̄j
ργ∗γ

mΨk
σ)(ε̄

iγmγµΨ
l
ν) = −1

4
ϵµνρσ(ε̄iΨk

σ)(Ψ̄
j
ργ∗γ

mγmγµΨ
l
ν)−

1

4
ϵµνρσ(ε̄iγ∗Ψ

k
σ)(Ψ̄

j
ργ∗γ

mγ∗γmγµΨ
l
ν)

−1

4
ϵµνρσ(ε̄iγaΨ

k
σ)(Ψ̄

j
ργ∗γ

mγaγmγµΨ
l
ν)

+
1

4
ϵµνρσ(ε̄iγ∗γaΨ

k
σ)(Ψ̄

j
ργ∗γ

mγ∗γ
aγmγµΨ

l
ν)

+
1

8
ϵµνρσ(ε̄iγabΨ

k
σ)(((((((((((
(Ψ̄j

ργ∗γ
mγabγmγµΨ

l
ν) ,

= +ϵµνρσ(ε̄iΨk
µ)(Ψ̄

j
νγ∗γρΨ

l
σ)− ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)
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−1

2
ϵµνρσ(ε̄iγmΨk

µ)(Ψ̄
j
νγ∗γ

mγρΨ
l
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmΨk

µ)(Ψ̄
j
νγ

mγρΨ
l
σ) ,

(1b) ϵµνρσ(ε̄iγmγµΨ
l
ν)(Ψ̄

j
ργ∗γ

mΨk
σ) = ϵµνρσ(ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ)− ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

− 1
2ϵ

µνρσ(ε̄iγmΨk
µ)(Ψ̄

j
νγ∗γ

mγρΨ
l
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmΨk

µ)(Ψ̄
j
νγmγρΨ

l
σ)

Fierz rearrangement 1c

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄j
ργm , χ2 = Ψk

σ , χ̄3 = ε̄i , χ4 = γ∗γmγµΨ
l
ν

ϵµνρσ(Ψ̄j
ργ

mΨk
σ)(ε̄

iγ∗γmγµΨ
l
ν) = −1

4
ϵµνρσ(ε̄iΨk

σ)(Ψ̄
j
ργ

mγ∗γmγµΨ
l
ν)−

1

4
ϵµνρσ(ε̄iγ∗Ψ

k
σ)(Ψ̄

j
ργ

mγ∗γ∗γmγµΨ
l
ν)

−1

4
ϵµνρσ(ε̄iγaΨ

k
σ)(Ψ̄

j
ργ

mγaγ∗γmγµΨ
l
ν)

+
1

4
ϵµνρσ(ε̄iγ∗γaΨ

k
σ)(Ψ̄

j
ργ

mγ∗γ
aγ∗γmγµΨ

l
ν)

+
1

8
ϵµνρσ(ε̄iγabΨ

k
σ)(Ψ̄

j
ργ

mγabγ∗γmγµΨ
l
ν) ,

= −ϵµνρσ(ε̄iΨk
µ)(Ψ̄

j
νγ∗γρΨ

l
σ) + ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

−1

2
ϵµνρσ(ε̄iγmΨk

µ)(Ψ̄
j
νγ∗γ

mγρΨ
l
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmΨk

µ)(Ψ̄
j
νγ

mγρΨ
l
σ)

+
1

8
ϵµνρσ(ε̄iγabΨ

k
µ)(((((((((((
(Ψ̄j

νγ∗γ
mγabγmγρΨ

l
σ) ,

(1c) ϵµνρσ(ε̄iγ∗γmγµΨ
l
ν)(Ψ̄

j
ργmΨk

σ) = −ϵµνρσ(ε̄iΨk
µ)(Ψ̄

j
νγ∗γρΨ

l
σ) + ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

− 1
2ϵ

µνρσ(ε̄iγmΨk
µ)(Ψ̄

j
νγ∗γ

mγρΨ
l
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmΨk

µ)(Ψ̄
j
νγmγρΨ

l
σ)

(1b)-(1c) ϵµνρσ(ε̄iγmγµΨ
l
ν)(Ψ̄

j
ργ∗γ

mΨk
σ)− ϵµνρσ(ε̄iγ∗γmγµΨ

l
ν)(Ψ̄

j
ργmΨk

σ) =

+ 2ϵµνρσ(ε̄iΨk
µ)(Ψ̄

j
νγ∗γρΨ

l
σ)− 2ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

⇒ (1) ϵµνρσ(ε̄iγmΨj
µ)(Ψ̄k

νγ∗γ
mγρΨ

l
σ) = +ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)

− ϵµνρσ(ε̄iγ∗γµΨ
l
ν)(Ψ̄

k
ρΨ

j
σ) + ϵµνρσ(ε̄iΨk

µ)(Ψ̄
j
νγ∗γρΨ

l
σ)− ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

Fierz rearrangement 2a

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

28



χ̄1 = Ψ̄k
ργ∗γ

m , χ2 = Ψl
σ , χ̄3 = ε̄iγµ , χ4 = γmΨj

ν

ϵµνρσ(Ψ̄k
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨj
ν) = −1

4
ϵµνρσ(ε̄iγµΨ

l
σ)(Ψ̄

k
ργ∗γ

mγmΨj
ν)−

1

4
ϵµνρσ(ε̄iγµγ∗Ψ

l
σ)(Ψ̄

k
ργ∗γ

mγ∗γmΨj
ν)

−1

4
ϵµνρσ(ε̄iγµγaΨ

l
σ)(Ψ̄

k
ργ∗γ

mγaγmΨj
ν)

+
1

4
ϵµνρσ(ε̄iγµγ∗γaΨ

l
σ)(Ψ̄

k
ργ∗γ

mγ∗γ
aγmΨj

ν)

+
1

8
ϵµνρσ(ε̄iγµγabΨ

l
σ)((((((((((
(Ψ̄k

ργ∗γ
mγabγmΨj

ν) ,

= +ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) + ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

−1

2
ϵµνρσ(ε̄iγµγmΨl

ν)(Ψ̄
k
ργ∗γ

mΨj
σ) +

1

2
ϵµνρσ(ε̄iγ∗γµγmΨl

ν)(Ψ̄
k
ργ

mΨj
σ) ,

(2a) ϵµνρσ(Ψ̄k
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨj
ν) = ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) + ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

− 1
2ϵ

µνρσ(ε̄iγµγmΨl
ν)(Ψ̄

k
ργ∗γ

mΨj
σ) +

1
2ϵ

µνρσ(ε̄iγ∗γµγmΨl
ν)(Ψ̄

k
ργ

mΨj
σ).

Fierz rearrangement 2b

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
ργ

m , χ2 = Ψl
σ , χ̄3 = ε̄iγ∗γµ , χ4 = γmΨj

ν

ϵµνρσ(Ψ̄k
ργ

mΨl
σ)(ε̄

iγ∗γµγmΨj
ν) = −1

4
ϵµνρσ(ε̄iγ∗γµΨ

l
σ)(Ψ̄

k
ργ

mγmΨj
ν)−

1

4
ϵµνρσ(ε̄iγ∗γµγ∗Ψ

l
σ)(Ψ̄

k
ργ

mγ∗γmΨj
ν)

−1

4
ϵµνρσ(ε̄iγ∗γµγaΨ

l
σ)(Ψ̄

k
ργ

mγaγmΨj
ν)

+
1

4
ϵµνρσ(ε̄iγ∗γµγ∗γaΨ

l
σ)(Ψ̄

k
ργ

mγ∗γ
aγmΨj

ν)

+
1

8
ϵµνρσ(ε̄iγ∗γµγabΨ

l
σ)(((((((((
(Ψ̄k

ργ
mγabγmΨj

ν) ,

= +ϵµνρσ(ε̄iγ∗γµΨ
l
ν)(Ψ̄

k
ρΨ

j
σ) + ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)

−1

2
ϵµνρσ(ε̄iγ∗γµγmΨl

ν)(Ψ̄
k
ργ

mΨj
σ) +

1

2
ϵµνρσ(ε̄iγµγmΨl

ν)(Ψ̄
k
ργ∗γ

mΨj
σ) ,

(2b) ϵµνρσ(ε̄iγ∗γµγmΨj
ν)(Ψ̄k

ργ
mΨl

σ) = +ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

k
ργ∗Ψ

j
σ) + ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

k
ρΨ

j
σ)

+ 1
2ϵ

µνρσ(ε̄iγµγmΨl
ν)(Ψ̄

k
ργ∗γ

mΨj
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γµγmΨl

ν)(Ψ̄
k
ργ

mΨj
σ)

(2a)+(2b) ϵµνρσ(Ψ̄k
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨj
ν)+ϵµνρσ(ε̄iγ∗γµγmΨj

ν)(Ψ̄k
ργ

mΨl
σ) = +2ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)

+ 2ϵµνρσ(ε̄iγ∗γµΨ
l
ν)(Ψ̄

k
ρΨ

j
σ)

⇒ (2) ϵµνρσ(ε̄iγ∗γµγmΨj
ν)(Ψ̄k

ργ
mΨl

σ) = −ϵµνρσ(Ψ̄k
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨj
ν)+ 2ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

k
ργ∗Ψ

j
σ)

+ 2ϵµνρσ(ε̄iγ∗γµΨ
l
ν)(Ψ̄

k
ρΨ

j
σ)
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Fierz rearrangement 3a

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
νγ∗γρ , χ2 = Ψl

σ , χ̄3 = ε̄i , χ4 = Ψj
µ

ϵµνρσ(Ψ̄k
νγ∗γρΨ

l
σ)(ε̄

iΨj
µ) = −1

4
(ε̄iΨl

σ)(Ψ̄
k
νγ∗γρΨ

j
µ)−

1

4
ϵµνρσ(ε̄iγ∗Ψ

l
σ)(Ψ̄

k
νγ∗γργ∗Ψ

j
µ)

−1

4
ϵµνρσ(ε̄iγaΨ

l
σ)(Ψ̄

k
νγ∗γργ

aΨj
µ) +

1

4
ϵµνρσ(ε̄iγ∗γaΨ

l
σ)(Ψ̄

k
νγ∗γργ∗γ

aΨj
µ)

+
1

8
ϵµνρσ(ε̄iγabΨ

l
σ)(Ψ̄

k
νγ∗γργ

abΨj
µ) ,

= +
1

4
ϵµνρσ(ε̄iΨl

µ)(Ψ̄
k
νγ∗γρΨ

j
σ)−

1

4
ϵµνρσ(ε̄iγ∗Ψ

l
µ)(Ψ̄

k
νγρΨ

j
σ)

+
1

4
ϵµνρσ(ε̄iγmΨl

µ)(Ψ̄
k
νγ∗γργ

mΨj
σ) +

1

4
ϵµνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
k
νγργ

mΨj
σ)

−1

8
ϵµνρσ(ε̄iγmnΨ

l
µ)(Ψ̄

k
νγ∗γργ

mnΨj
σ) ,

F
= +

1

4
ϵµνρσ(ε̄iΨl

µ)(Ψ̄
k
νγ∗γρΨ

j
σ)−

1

4
ϵµνρσ(ε̄iγ∗Ψ

l
µ)(Ψ̄

k
νγρΨ

j
σ)

−1

4
ϵµνρσ(ε̄iγmΨl

µ)(Ψ̄
j
νγ∗γ

mγρΨ
k
σ)−

1

4
ϵµνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγ

mγρΨ
k
σ)

−1

8
ϵµνρσ(ε̄iγmnΨ

l
µ)(Ψ̄

k
νγ∗γργ

mnΨj
σ) ,

(3a) ϵµνρσ(Ψ̄k
νγ∗γρΨ

l
σ)(ε̄

iΨj
µ) =

1
4ϵ

µνρσ(ε̄iΨl
µ)(Ψ̄

k
νγ∗γρΨ

j
σ)− 1

4ϵ
µνρσ(ε̄iγ∗Ψ

l
µ)(Ψ̄

k
νγρΨ

j
σ)

− 1
4ϵ

µνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ)− 1

4ϵ
µνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγmγρΨ

k
σ)

− 1
8ϵ

µνρσ(ε̄iγmnΨ
l
µ)(Ψ̄

k
νγ∗γργ

mnΨj
σ)

Fierz rearrangement 3b

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄k
νγρ , χ2 = Ψl

σ , χ̄3 = ε̄i , χ4 = γ∗Ψ
j
µ

ϵµνρσ(Ψ̄k
νγρΨ

l
σ)(ε̄

iγ∗Ψ
j
µ) = −1

4
ϵµνρσ(ε̄iΨl

σ)(Ψ̄
k
νγργ∗Ψ

j
µ)−

1

4
ϵµνρσ(ε̄iγ∗Ψ

l
σ)(Ψ̄

k
νγργ∗γ∗Ψ

j
µ)

−1

4
ϵµνρσ(ε̄iγaΨ

l
σ)(Ψ̄

k
νγργ

aγ∗Ψ
j
µ) +

1

4
ϵµνρσ(ε̄iγ∗γaΨ

l
σ)(Ψ̄

k
νγργ∗γ

aγ∗Ψ
j
µ)

+
1

8
ϵµνρσ(ε̄iγabΨ

l
σ)(Ψ̄

j
νγργ

abγ∗Ψ
i
µ) ,
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= −1

4
ϵµνρσ(ε̄iΨl

µ)(Ψ̄
k
νγ∗γρΨ

j
σ) +

1

4
ϵµνρσ(ε̄iγ∗Ψ

l
µ)(Ψ̄

k
νγρΨ

j
σ)

+
1

4
ϵµνρσ(ε̄iγmΨl

µ)(Ψ̄
k
νγ∗γργ

mΨj
σ) +

1

4
ϵµνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
k
νγργ

mΨj
σ)

+
1

8
ϵµνρσ(ε̄iγmnΨ

l
µ)(Ψ̄

k
νγ∗γργ

mnΨj
σ) ,

F
= −1

4
ϵµνρσ(ε̄iΨl

µ)(Ψ̄
k
νγ∗γρΨ

j
σ) +

1

4
ϵµνρσ(ε̄iγ∗Ψ

l
µ)(Ψ̄

k
νγρΨ

j
σ)

−1

4
ϵµνρσ(ε̄iγmΨl

µ)(Ψ̄
j
νγ∗γ

mγρΨ
k
σ)−

1

4
ϵµνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγ

mγρΨ
k
σ)

+
1

8
ϵµνρσ(ε̄iγmnΨ

l
µ)(Ψ̄

k
νγ∗γργ

mnΨj
σ) ,

(3b) ϵµνρσ(ε̄iγ∗Ψ
j
µ)(Ψ̄k

νγρΨ
l
σ) = −1

4ϵ
µνρσ(ε̄iΨl

µ)(Ψ̄
k
νγ∗γρΨ

j
σ) +

1
4ϵ

µνρσ(ε̄iγ∗Ψ
l
µ)(Ψ̄

k
νγρΨ

j
σ)

− 1
4ϵ

µνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ)− 1

4ϵ
µνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγmγρΨ

k
σ)

+ 1
8ϵ

µνρσ(ε̄iγmnΨ
l
µ)(Ψ̄

k
νγ∗γργ

mnΨj
σ)

(3a)+(3b) ϵµνρσ(Ψ̄k
νγ∗γρΨ

l
σ)(ε̄

iΨj
µ) + ϵµνρσ(ε̄iγ∗Ψ

j
µ)(Ψ̄k

νγρΨ
l
σ) = −1

2ϵ
µνρσ(ε̄iγmΨl

µ)(Ψ̄
j
νγ∗γ

mγρΨ
k
σ)

− 1
2ϵ

µνρσ(ε̄iγ∗γmΨl
µ)(Ψ̄

j
νγmγρΨ

k
σ)

⇒ (3) ϵµνρσ(ε̄iγ∗Ψ
j
µ)(Ψ̄k

νγρΨ
l
σ) = −ϵµνρσ(Ψ̄k

νγ∗γρΨ
l
σ)(ε̄

iΨj
µ)− 1

2ϵ
µνρσ(ε̄iγmΨl

µ)(Ψ̄
j
νγ∗γ

mγρΨ
k
σ)

− 1
2ϵ

µνρσ(ε̄iγ∗γmΨl
µ)(Ψ̄

j
νγmγρΨ

k
σ)

Fierz rearrangement 4a

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄j
νγ∗γ

m , χ2 = γρΨ
k
σ , χ̄3 = ε̄i , χ4 = γmΨl

µ

ϵµνρσ(Ψ̄j
νγ∗γ

mγρΨ
k
σ)(ε̄

iγmΨl
µ) = −1

4
ϵµνρσ(ε̄iγρΨ

k
σ)(Ψ̄

j
νγ∗γ

mγmΨl
µ)−

1

4
ϵµνρσ(ε̄iγ∗γρΨ

k
σ)(Ψ̄

j
νγ∗γ

mγ∗γmΨl
µ)

−1

4
ϵµνρσ(ε̄iγaγρΨ

k
σ)(Ψ̄

j
νγ∗γ

mγaγmΨl
µ)

+
1

4
ϵµνρσ(ε̄iγ∗γaγρΨ

k
σ)(Ψ̄

j
νγ∗γ

mγ∗γ
aγmΨl

µ)

+
1

8
ϵµνρσ(ε̄iγabγρΨ

k
σ)((((((((((
(Ψ̄j

νγ∗γ
mγabγmΨl

µ) ,

= +ϵµνρσ(ε̄iγµΨ
k
ν)(Ψ̄

j
ργ∗Ψ

l
σ)− ϵµνρσ(ε̄iγ∗γµΨ

k
ν)(Ψ̄

j
ρΨ

l
σ)

−1

2
ϵµνρσ(ε̄iγmγµΨ

k
ν)(Ψ̄

j
ργ∗γ

mΨl
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmγµΨ

k
ν)(Ψ̄

j
ργ

mΨl
σ) ,

(4a) ϵµνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ) = ϵµνρσ(ε̄iγµΨ

k
ν)(Ψ̄

j
ργ∗Ψ

l
σ)− ϵµνρσ(ε̄iγ∗γµΨ

k
ν)(Ψ̄

j
ρΨl

σ)

− 1
2ϵ

µνρσ(ε̄iγmγµΨ
k
ν)(Ψ̄

j
ργ∗γ

mΨl
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmγµΨ

k
ν)(Ψ̄

j
ργmΨl

σ)
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Fierz rearrangement 4b

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄j
νγm , χ2 = γρΨ

k
σ , χ̄3 = ε̄i , χ4 = γ∗γmΨl

µ

ϵµνρσ(Ψ̄j
νγ

mγρΨ
k
σ)(ε̄

iγ∗γmΨl
µ) = −1

4
ϵµνρσ(ε̄iγρΨ

k
σ)(Ψ̄

j
νγ

mγ∗γmΨl
µ)−

1

4
ϵµνρσ(ε̄iγ∗γρΨ

k
σ)(Ψ̄

j
νγ

mγ∗γ∗γmΨl
µ)

−1

4
ϵµνρσ(ε̄iγaγρΨ

k
σ)(Ψ̄

j
νγ

mγaγ∗γmΨl
µ)

+
1

4
ϵµνρσ(ε̄iγ∗γaγρΨ

k
σ)(Ψ̄

j
νγ

mγ∗γ
aγ∗γmΨl

µ)

+
1

8
ϵµνρσ(ε̄iγabγρΨ

k
σ)(Ψ̄

j
νγ

mγabγ∗γmΨl
µ) ,

= −ϵµνρσ(ε̄iγµΨk
ν)(Ψ̄

j
ργ∗Ψ

l
σ) + ϵµνρσ(ε̄iγ∗γµΨ

k
ν)(Ψ̄

j
ρΨ

l
σ)

−1

2
ϵµνρσ(ε̄iγmγµΨ

k
ν)(Ψ̄

j
ργ∗γ

mΨl
σ)−

1

2
ϵµνρσ(ε̄iγ∗γmγµΨ

k
ν)(Ψ̄

j
ργ

mΨl
σ)

+
1

8
ϵµνρσ(ε̄iγabγµΨ

k
ν)((((((((((
(Ψ̄j

ργ∗γ
mγabγmΨl

σ) ,

(4b) ϵµνρσ(ε̄iγ∗γmΨl
µ)(Ψ̄

j
νγmγρΨ

k
σ) = −ϵµνρσ(ε̄iγµΨk

ν)(Ψ̄
j
ργ∗Ψ

l
σ) + ϵµνρσ(ε̄iγ∗γµΨ

k
ν)(Ψ̄

j
ρΨl

σ)

− 1
2ϵ

µνρσ(ε̄iγmγµΨ
k
ν)(Ψ̄

j
ργ∗γ

mΨl
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γmγµΨ

k
ν)(Ψ̄

j
ργmΨl

σ)

(4a)+(4b) ϵµνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ) + ϵµνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγmγρΨ

k
σ) =

− ϵµνρσ(ε̄iγmγµΨ
k
ν)(Ψ̄

j
ργ∗γ

mΨl
σ)− ϵµνρσ(ε̄iγ∗γmγµΨ

k
ν)(Ψ̄

j
ργmΨl

σ)

γmγµ = 2emµ − γµγm ⇒ (4) ϵµνρσ(ε̄iγmΨl
µ)(Ψ̄

j
νγ∗γ

mγρΨ
k
σ) + ϵµνρσ(ε̄iγ∗γmΨl

µ)(Ψ̄
j
νγmγρΨ

k
σ) =

−2ϵµνρσ(ε̄iΨk
µ)(Ψ̄

j
νγ∗γρΨ

l
σ)− 2ϵµνρσ(ε̄iγ∗Ψ

k
µ)(Ψ̄

j
νγρΨ

l
σ)

+ ϵµνρσ(ε̄iγµγmΨk
ν)(Ψ̄

j
ργ∗γ

mΨl
σ) + ϵµνρσ(ε̄iγ∗γµγmΨk

ν)(Ψ̄
j
ργmΨl

σ)

Fierz rearrangement 5a

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄j
ργ∗γ

m , χ2 = Ψl
σ , χ̄3 = ε̄iγµ , χ4 = γmΨk

ν

ϵµνρσ(Ψ̄j
ργ∗γ

mΨl
σ)(ε̄

iγµγmΨk
ν) = −1

4
ϵµνρσ(ε̄iγµΨ

l
σ)(Ψ̄

j
ργ∗γ

mγmΨk
ν)−

1

4
ϵµνρσ(ε̄iγµγ∗Ψ

l
σ)(Ψ̄

j
ργ∗γ

mγ∗γmΨk
ν)

−1

4
ϵµνρσ(ε̄iγµγaΨ

l
σ)(Ψ̄

j
ργ∗γ

mγaγmΨk
ν)

32



+
1

4
ϵµνρσ(ε̄iγµγ∗γaΨ

l
σ)(Ψ̄

j
ργ∗γ

mγ∗γ
aγmΨk

ν)

+
1

8
ϵµνρσ(ε̄iγµγabΨ

l
σ)((((((((((
(Ψ̄j

ργ∗γ
mγabγmΨk

ν) ,

= +ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

j
ργ∗Ψ

k
σ) + ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨ

k
σ)

−1

2
ϵµνρσ(ε̄iγµγmΨl

ν)(Ψ̄
j
ργ∗γ

mΨk
σ) +

1

2
ϵµνρσ(ε̄iγ∗γµγmΨl

ν)(Ψ̄
j
ργ

mΨk
σ) ,

(5a) ϵµνρσ(ε̄iγµγmΨk
ν)(Ψ̄

j
ργ∗γ

mΨl
σ) = ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ) + ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨk

σ)

− 1
2ϵ

µνρσ(ε̄iγµγmΨl
ν)(Ψ̄

j
ργ∗γ

mΨk
σ) +

1
2ϵ

µνρσ(ε̄iγ∗γµγmΨl
ν)(Ψ̄

j
ργmΨk

σ)

Fierz rearrangement 5b

(χ̄1χ2)(χ̄3χ4) = −1

4
(χ̄3χ2)(χ̄1χ4)−

1

4
(χ̄3γ∗χ2)(χ̄1γ∗χ4)

−1

4
(χ̄3γaχ2)(χ̄1γ

aχ4) +
1

4
(χ̄3γ∗γaχ2)(χ̄1γ∗γ

aχ4)

+
1

8
(χ̄3γabχ2)(χ̄1γ

abχ4)

χ̄1 = Ψ̄j
ργm , χ2 = Ψl

σ , χ̄3 = ε̄iγ∗γµ , χ4 = γmΨk
ν

ϵµνρσ(Ψ̄j
ργ

mΨl
σ)(ε̄

iγ∗γµγmΨk
ν) = −1

4
ϵµνρσ(ε̄iγ∗γµΨ

l
σ)(Ψ̄

j
ργ

mγmΨk
ν)−

1

4
ϵµνρσ(ε̄iγ∗γµγ∗Ψ

l
σ)(Ψ̄

j
ργ

mγ∗γmΨk
ν)

−1

4
ϵµνρσ(ε̄iγ∗γµγaΨ

l
σ)(Ψ̄

j
ργ

mγaγmΨk
ν)

+
1

4
ϵµνρσ(ε̄iγ∗γµγ∗γaΨ

l
σ)(Ψ̄

j
ργ

mγ∗γ
aγmΨk

ν)

+
1

8
ϵµνρσ(ε̄iγ∗γµγabΨ

l
σ)(((((((((
(Ψ̄j

ργ
mγabγmΨk

ν) ,

= +ϵµνρσ(ε̄iγ∗γµΨ
l
ν)(Ψ̄

j
ρΨ

k
σ) + ϵµνρσ(ε̄iγµΨ

l
ν)(Ψ̄

j
ργ∗Ψ

k
σ)

−1

2
ϵµνρσ(ε̄iγ∗γµγmΨl

ν)(Ψ̄
j
ργ

mΨk
σ) +

1

2
ϵµνρσ(ε̄iγµγmΨl

ν)(Ψ̄
j
ργ∗γ

mΨk
σ) ,

(5b) ϵµνρσ(ε̄iγ∗γµγmΨk
ν)(Ψ̄

j
ργmΨl

σ) = ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

j
ργ∗Ψ

k
σ) + ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨk

σ)

+ 1
2ϵ

µνρσ(ε̄iγµγmΨl
ν)(Ψ̄

j
ργ∗γ

mΨk
σ)− 1

2ϵ
µνρσ(ε̄iγ∗γµγmΨl

ν)(Ψ̄
j
ργmΨk

σ)

(5a)+(5b) ⇒ (5) ϵµνρσ(ε̄iγµγmΨk
ν)(Ψ̄

j
ργ∗γ

mΨl
σ) + ϵµνρσ(ε̄iγ∗γµγmΨk

ν)(Ψ̄
j
ργmΨl

σ) =

+ 2ϵµνρσ(ε̄iγµΨ
l
ν)(Ψ̄

j
ργ∗Ψ

k
σ) + 2ϵµνρσ(ε̄iγ∗γµΨ

l
ν)(Ψ̄

j
ρΨk

σ)

E Miscellaneous

E.1 Calculation of D[µDν]Ψ
i
ρ and D[µDν]γρ

Let’s first calculate D[µDν]Ψ
i
ρ

D[µDν]Ψ
i
ρ = DµDνΨ

i
ρ −DνDµΨ

i
ρ ,

(a)
= Dµ(∂νχ+

1

4
ωνabγ

abχ)−Dν(∂µχ+
1

4
ωµabγ

abχ) ,
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(b)
= ∂µ(∂νχ+

1

4
ωνabγ

abχ) +
1

4
ωµcdγ

cd(∂νχ+
1

4
ωνabγ

abχ)

−∂ν(∂µχ− 1

4
ωµabγ

abχ)− 1

4
ωνcdγ

cd(∂µχ− 1

4
ωµabγ

abχ) ,

= ����:a
∂µ∂νχ +

1

4
∂µωνabγ

abχ+�������:b1

4
ωνabγ

ab∂µχ +�������:c1

4
ωµcdγ

cd∂νχ +
1

16
ωµcdωνabγ

cdγabχ

−����:a
∂ν∂µχ − 1

4
∂νωµabγ

abχ−�������:c1

4
ωµabγ

ab∂νχ −�������:b1

4
ωνcdγ

cd∂µχ − 1

16
ωνcdωµabγ

cdγabχ ,

=
1

4
∂µωνabγ

abχ− 1

4
∂νωµabγ

abχ+
1

16
ωµabωνcdγ

abγcdχ− 1

16
ωµabωνcdγ

cdγabχ

(c)
=

1

4
∂µωνabγ

abχ− 1

4
∂νωµabγ

abχ+
1

16
ωµabωνcdγ

abγcdχ− 1

16
ωµabωνcdγ

cdγabχ

(d)
=

1

4
∂µωνabγ

abχ− 1

4
∂νωµabγ

abχ+
1

4
ωµbaωνcdη

acγbd − 1

4
ωνbaωµdcη

adγbcχ

(e)
=

1

4
Rµν

mnγmnΨ
i
ρ .

The steps (a) and (b) use the definition (13).

The step (c) uses the relation γabγcd − γcdγab = −2ηacγbd + 2ηbcγad + 2ηadγbc − 2ηbdγac.

The step (d) uses the property ωµab = −ωµba.

The step (e) uses the definition (26).

Let’s than calculate D[µDν]γρ:

D[µDν]γρ = D[µDν](e
r
ρ γr) ,

= D[µDν]e
r
ρ γr ,

= [DµDνe
r
ρ −DνDµe

r
ρ] γr ,

(a)
= [Dµ(∂νe

r
ρ + ων

r
ke

k
ρ)−Dν(∂µe

r
ρ + ωµ

r
ke

k
ρ)] γr ,

(b)
= [∂µ(∂νe

r
ρ + ων

r
ke

k
ρ) + ωµ

r
l(∂νe

l
ρ + ων

r
le

k
ρ)

−∂ν(∂µerρ + ωµ
r
ke

k
ρ)− ων

r
l(∂µe

l
ρ + ωµ

r
le

k
ρ)] γr ,

= (����:a
∂µ∂νe

r
ρ + ∂µων

r
ke

k
ρ +�����:b

ων
r
k∂µe

k
ρ +�����:c

ωµ
r
l∂νe

l
ρ + ων

r
lωµ

r
le

k
ρ

−����:a
∂ν∂µe

r
ρ − ∂νωµ

r
ke

k
ρ −�����:c

ωµ
r
k∂νe

k
ρ −�����:b

ων
r
l∂µe

l
ρ − ων

r
lωµ

r
le

k
ρ) γr ,

(c)
= Rµν

mnγm enρ .

The steps (a) and (b) use the definition (12).

The step (c) uses the definition (26).

E.2 Calculation of [D̃µ, D̃ν ]ε
i

[D̃µ, D̃ν ]ε
i = D̃µD̃νε

i − D̃νε
i ,

(a)
= D̃µ(Dνε

i +

√
Λ

2
√
3
M ij

1 γνε
j)− D̃ν(Dµε

i +

√
Λ

2
√
3
M ij

1 γµε
j) ,

(b)
= Dµ(Dνε

i +

√
Λ

2
√
3
M ij

1 γνε
j) +

√
Λ

2
√
3
M ik

1 γµ(Dνε
k +

√
Λ

2
√
3
Mkj

1 γνε
j)
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−Dν(Dµε
i +

√
Λ

2
√
3
M ij

1 γµε
j)−

√
Λ

2
√
3
M ik

1 γν(Dµε
k +

√
Λ

2
√
3
Mkj

1 γµε
j) ,

(c)
= DµDνε

i +

√
Λ

2
√
3
M ij

1 Dµe
r
νγrε

j +
���������:a√

Λ

2
√
3
M ij

1 γνDµε
j +

���������:b√
Λ

2
√
3
M ik

1 γµDνε
k +

Λ

12
M ik

1 Mkj
1 γµγνε

j

−DνDµε
i −

√
Λ

2
√
3
M ij

1 Dνe
r
µγrε

j −
���������:b√

Λ

2
√
3
M ij

1 γµDνε
j −

���������:a√
Λ

2
√
3
M ik

1 γνDµε
k − Λ

12
M ik

1 Mkj
1 γνγµε

j ,

(d)
= [Dµ, Dν ]ε

i +
����������√

Λ

4
√
3
M ij

1 D[µe
r
ν]γrε

j ± Λ

12
γµγνε

i ∓ Λ

12
γνγµε

i ,

(e)
= (

1

4
Rµν

mnγmn ± Λ

6
γµν)ε

i .

The steps (a) and (b) use the definition (51).

The step(c) takes into account Dνγν = Dν(e
r
νγr) = Dνe

r
νγr.

The step (d) takes into account (M1)
2 = ±I from (39) and D[ρe

s
σ] = 0 obtained from (33) when

Ψi
µ = 0.

The step (e) takes into account the first result obtained in Appendix E.1 and the relation γµν =
1
2γµγν −

1
2γνγµ.

35



References

[1] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, Phys. Rev. D 13, 3214 (1976);
S. Deser and B. Zumino, Phys. Lett. B 62, 335 (1976);
D. Z. Freedman and P. van Nieuwenhuizen, Phys. Rev. D 14, 912 (1976).

[2] P. van Nieuwenhuizen, A. Rebhan, D. V. Vassilevich, and R. Wimmer, “Boundary Terms in
Supergravity and Supersymmetry,” Int. J. Mod. Phys. 15, 1643 (2006).
[arXiv:hep-th/0606075]

[3] For a pedagogical introduction to supergravity see Y. Tanii, “Introduction to Supergravity,”
(Springer Briefs in Math. Phys.) 130 p. (2014).

[4] For an authoritative account of supergravity see D. Z. Freedman and A. Van Proeyen,
“Supergravity,” (Cambridge Univ. Pr., Cambridge, UK) 607 p. (2012).

[5] P. K. Townsend, “Cosmological Constant in Supergravity,” Phys. Rev. D 15, 2802 (1977).

[6] E. A. Bergshoeff, D. Z. Freedman, R. Kallosh, and A. Van Proeyen, “Pure de Sitter
Supergravity,” Phys. Rev. D 92, no. 8 085040 (2015). [arXiv:hep-th/1507.08264]

[7] K. Pilch, P. van Nieuwenhuizen and M. F. Sohnius, “De Sitter superalgebras and
supergravity,” Commun. Math. Phys. 98, 105 (1985).

[8] J. Lukierski and A. Nowicki, “All possible de Sitter superalgebras and the presence of
ghosts,” Phys. Lett. B 151, 382 (1985).

[9] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories,
string theory and gravity,” Phys. Rep. 323, 183 (2000). [arXiv:hep-th/9905111]

[10] Moataz H. Emam, “Split-complex representation of the universal hypermultiplet,” Phys.
Rev. D 84, 045016 (2011). [arXiv:hep-th/1108.3391]

[11] Charles A. Canestaro, Moataz H. Emam, “The five dimensional universal hypermultiplet and
the cosmological constant problem,” Phys. Lett. B 726, 913 (2013).
[arXiv:hep-th/1311.0266]

[12] J. B. Gutowski, W. A. Sabra, “Para-Complex Geometry and Gravitational Instantons,”
Class. Quant. Grav. 30 195001 (2013). [arXiv:hep-th/1210.2332]

[13] W. A. Sabra, O. Vaughan, “Euclidean Supergravity in Five Dimensions,” Phys. Lett. B 761,
597 (2016). [arXiv:hep-th/1603.09244]

36


